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Haitsienbl HeoOXOIUMBIE U JIOCTATOYHBIE YCJIOBHUS CXOAMMOCTH PsJIOB B3BEIIEHHBIX BEPO-
SITHOCTEH GOJIBINIX YKIOHEHH KOMOMHATOPHBIX CyMM » . Xpir (), T || Xnij|| — maTpn-
& MOPAJKA N HE3ABUCUMBIX CIydaiHbIx BesmauH, & (7 (1), mn(2),...,mn(n)) — cayqaii-
Hasl epecTaHoBKa C PaBHOMEPHBLIM pacupejieJleHneM Ha MHOXKECTBE MepecTaHOBOK YHCes
1,2,...,n, He 3aBucAmas or X,;;. Iloay4eHbl KOMOUHATOPHbBIE BAPDUAHTHI PE3YJILTATOB 00
OIIEHKAX CKOPOCTEH CXOJMMOCTH B yCUJIEHHOM 3aKOHE GOJIBIINX YUCE M 3aKOHE TOBTOPHOTO
siorapudma TIpH YCJIOBHUSAX, OJIU3KUX K ONTUMATBHBIM. OBCY K /1a€TCs IPUITIOYKEHNTE TIOJTY Y€H-
HBIX PE3YJIBTATOB K PAHTOBBIM CTATHCTHKAM.

Kmouesvie ca06a: KOMOMHATOPHBIE CyMMbI, CKOPOCThH CXOJMMOCTH, 32KOH ITOBTOPHOTI'O JIOTa-
pudMa, yCUIEHHBIH 3aKOH 6OJIbIIMX Uuce, onenkn bayma — Kara, KoMGnHATOPHBIH 3aKOH
MOBTOPHOTO JlorapudMa, KOMOMHATOPHDIH yCHUJIEHHBIH 3aKOH GOJIBIINX YUCEsI, PAHTOBBIE
craTucTuky, Ko3hdUIMEHT paHroBoii Koppensanun CrupMena.

1. Beegenwue. Ilycrs {X,, = || Xyi; (|7 =1 }nZe — MOCTIEIOBATEILHOCTD MATPHTL HE3a-
BHUCHMBIX cy4aitHeix sesimuant, EX,;; = cpiy n Ufnj =DX,;; mmaBecex 1 <4, <nu
n > 2. lycrs {7, }52 5 — MOCIIEI0BATEIBHOCTD CIIyYafiHBIX II€PECTAHOBOK TAKUX, UTO Ty,
“MeeT paBHOMEDPHOE pacupejle/ieHre Ha MHOXKECTBe BCeX I1epecTaHOBOK umces 1,2,....n
anst Beex n. Ipemxmonoxum, aro X, U T, HE3aBUCUMBI JJIsI BCEX M.

ITonoxxum

st Beex n =2 2, vae m, = (1 (1), 70 (2), ..., e (n)).

Mp1 6yzem TakyKe IPeIoaraTh, 9T JJIs JII000r0 1. 2> 2 BBIMOJTHAIOTCH COOTHOITEHUS

n n
Zcmj =0 mmascex 1<i<n u Zcmj =0 mnasecex 1<j<n. (1)
j=1 i=1

*Pabora BRINONHEHA IIpu duHAHCOBOH mogmepkke PODU (rpant Ne18-01-00393).
(© Canxkr-Ilerepbyprekuit rocysapcrBeHHbIH yHuBepcuret, 2020

688 https://doi.org/10.21638/spbu01.2020.410



VYenosue (1) urpaer Ty 3Ke poJjib, UTO U YCIOBHE IEHTPHPOBAHHOCTH CJIATAEMBIX B KJIAC-
cuveckoil Teopun cymmuposanusi. Ouo Biieder ES,, = 0 mist Bcex n. Kpome Toro,

1 n 1 n
B, =DS, = Ao+ = E ol
n — 1 < niy n < niy

3,j=1 3,j=1

IJId Bcex n > 2.

Hacrostmast pabora mocBsiIena oreHKaM CKOPOCTeH CXOAMMOCTHU B YCUIIEHHOM 3aKOHE
Goabiux uncest (Y3BY) u zakore nosropHoro gorapudma (3I1JT) s KoMOUHATOPHBIX
CyMM Si,.

AcuMrnTorraeckoe moBeieHne KOMOMHATOPHBIX CYMM HCCJIEIOBATD CJIOKHEE, 9€M TI0-
BEJICHNE CYMM HE3aBHCHMBIX CJIyIAHHBIX BEJUIUH. DTO CBA3AHO C TE€M, UTO IIPU N3MEHe-
HUU UHJIEKCA 3HAYNTEILHO MEHSIETCs COCTAB CllaraeMblXx KOMOMHATOPHON cyMMbl. [ToaTo-
My HET HEPaBEHCTB, aHAJOTUIHBIX HepaBeHCcTBaM Kosimoroposa n JleBu, O3BOIAIONTIX
JIOKa3bIBaTh OIeHKY cBepxy B 3IIJI. Ecim orkasaTbest OT MCIIONIB30BaHUST TAKUX HEpa-
BEHCTB, TO BEPXHIOIO OIIEHKY MOXKHO IIOJIyYUTh TOJIHKO JjIst 60JIee TsI?KeJI0i HODMUPOBKH.
Kpowme Toro, nuxkusist onenka B 3I1JI cyiecTBeHHO MCITOIB3yeT HE3ABUCUMOCTH TPUPa-
mennii. IIpupariennst KOMOMHATOPHBIX CYMM He SIBJISIIOTCSI HE3aBUCHUMBIMH.

B nacrosimeit pabore MbI HaiiIeM YCJIOBUsI, JJOCTATOYHBIE JIJIsT CXOAUMOCTH Psijia

R=Y T (15, > v/Ban(n)

n=2

rae f(z) u h(r) — momoxurensuble dyHkimu takue, uro f(r) — oo u h(zr) — oo
upu x — 00. B wacrHOCTH, U3 cxomumoctu psga R npu f(z) = x u jgemmbl Bopess —
Kanrenmm Mbl oJIy9uM HEKOTOPBIE PE3YJIBTATHI O CXOIUMOCTH ¢ BEPOSATHOCTHIO 1.

Nmeercst MOBOJILHO 3HAYUTEHLHAST JTUTEPATYPA, TMOCBSIIIEHHAS] CXOJAUMOCTH 110100~
HBIX PSIJIOB. DTO CBA3AHO C HOHSITHEM CXOJMMOCTHU BIIOJIHE, BBeJeHHbIM Cioem n PoO6uH-
coM [1]: mocseroBaTeILHOCTD CIyIaiHbIX BemauH {&,} CXOAUTCs BIIOJHE K &, eCIn JJIst
1106010 £ > 0 CXOTUTCST P,

STP(le — ¢ > e).

CooTBeTCTByOIINE PE3YJIbTATHI JJIsi HOPMHUPOBAHHBIX CYMM HE3aBHUCUMBIX OJIMHAKOBO
pacIpeie/IeHHbIX CJIyYailHBIX BEJUYNH MOXKHO PacCMATPUBATHL KAK PE3YJIbTATBI O CKO-
poCTH CXOIUMOCTH B 3aKkoHe Gouibimux uuces (3BY). B ocHoBe 3TOTO JI€KNT HMIEs Olie-
HUBATH CKOPOCTH YOBIBAHUS IOCJEIOBATEIHLHOCTH ITOJOKUTEIHHBIX YUCET C IOMOIIBIO
CXOJIMMOCTH Psijia U3 3TuX unces ¢ Becamu. O606mmenus pesyiabratos Cios u Poboumca
GbLtn nosryuensl Baymom n Karem [2, 3]. C Tex mop u 10 HACTOSIIIErO BpeMeHH 3Ta 00-
JIACTh MHTEHCUBHO Pa3BUBaeTCsl. [Ipu 3TOM paccMaTpuBarOTCs KaK HOPMUPOBAHHBIE CYM-
MBI, TaK U UX CyIPEeMyMbI. DTO IPUBOJIUT B CJydae CTEIeHHBIX HOPMUPOBOK K OI[EHKAM B
cinabom u ycunennom 3BY. B ciyuae HopMupoBok, moo6ubrx HopmuposkaMm B 3111, mo-
sgydaiorcs orenku B o6o6mennom 3I1JI. K mHacTosiieMmy MOMEHTY MMeeTCsl 3HAUUTETbHOE
qucyio paboT B 5ToM Harpasiennn. CChIIKU HA PAHHUE PE3YJIbTATHI U UX (POPMYJIUPOBKU
MOXKHO HafiTun B MoHOrpadusax B. B. Ilerposa [4, 5]. Jas cyMM HE3aBUCHMBIX OJIMHAKO-
BO pacCIpeJie/IeHHbIX CJIyYailHbIX BEJIMYUH PE3Y/IbTATHI, OJIN3KIEe K OKOHYATETbHBIM, ObLIN
nosydens! I'yrom u Cuarapy [6], JI. B. Pozosckuwm [7], I'yrom u Ilraiine6axom [8]. Uccire-
JIOBAJIUCh TaKKe Pa3InIHble (hOPMbI 32aBUCUMOCTEN CIIy YAl HbIX BEJIUIUH (CM., HAIPUMED,
mosorpadwuio A. B. Byauackoro u A. IT. Hlamkuua [9]).
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JLj1st KOMOMHATOPHBIX CYyMM IOJOOHBIX PE3YJILTATOB HET, M B 9TOI CTATbE MbI UX II0-
sgyanmM. [Ipu mokasaresibcTBe MbI OyIeM HCIIOJIH30BATH HOBBIE HEDABHOMEDHbBIE OIEHKU B
KOMOMHATODHO! IeHTpasbHol npeeabHoii Teopeme (IIIIT), koropble mpeicTaBisOT U
CaMOCTOSITEbHBIN nHTEepec. KpoMe TOro, Mbl BOCIIOJIB3yEeMCsI TAK2KE HOBBIMU PE3YJIbTa-
TaMu O OOJIBITNX YKJIOHEHUSX KOMOMHATOPHDBIX CYyMM.

2. HepaBHOMEpHBIE OIIEHKN B KOMOMHATOPHOI HMEeHTPaJbHON IIpeaebHOMN
TeopeMe U OLIEHKM CKOPOCTEI CXOJUMOCTH B KOMOMHATOPHBIX 3aKOHE BOJIBIINX
YuceJ U 3aKOHe NOBTOPHOro Jiorapudma. Mol HauHEM 3TOT maparpad co Caemayo-
meit HepaBHOMepPHOI oreHKu B KombuaaTopHoi [1I1T, BeIparkeHHO# B TepMuHAX Apobeit
JIanyHosa.

Teopema 1. ITycmv swvinoaneno ycaosue (1). Hyemov g(x) — noaoocumenrvhas,
wemmuaa Pynryus makas, wmo g(x) u x/g(x) ne yowearom das x > 0. IIpednososicum,
YMO Gnij = E(Xnij — um-j)Zg(ij — lnij) < 00 das scex 1 < i, < n uecexn > 2, ede
AUOO 6CE [inij COBNAJAIOM C Cpij, AUOO 6CE [n;j Pa6HbL WyAt0. Tlonoocum

n n
I 1 | | 3 1
n= 373 E Pnij —— E Gnij-
Bn ni’jzl Bng(an)n i,j=1
Tozda cywecmsyrom abcosomHbie nosoxcumensvrovie nocmoarrove C u d maxue, ¥mo
ecau L, <68, mo

CL,InL;*!
‘P(Sn <zy\/Bp) - (I)(x)‘ < 12

ors ecexr x € R u ecex n.

(2)

Teopeme 1 M0KHO NpuIaTh OOJIEE OOIIUIT BUJ C YyIETOM CJIEIYIOIIErO 3aMEeUaHMS.

Sameuanune 1. B Teopeme 1 BMecTo ool dbyuknun g(x) MOKHO GpaTh byHKIMHI
gn (), PA3INIHBIE I PA3HBIX M.

JIOKA3BATEJIBLCTBO. Ilosoxxum

A, =sup |P(S, < zv/B,) — @(x)‘ .

z€R

Taxk kak S, /+/ By, uMeeT HyJIeBOe CPeJHee U eIUHAIHYIO JIUCIIEPCHIO, U3 pe3yJibraTa Bbxar-
ragapus u Panra Pao [10, c. 115] caenyer, uro A, < 0.5416. ITo reopeme 12 riaser V
monorpaduu B. B. Ilerposa [4] HepaBeHCTBO

AplnAcl

‘P(Sn < a\/By) - @(x)‘ <165 =53

BoiosiHeHo i Beex ¢ € R. Ilo Teopeme 2 u3 paborsl aBropa [11] cymecryer abco-
JIOTHASI TOJIOKUTEIbHAS ocTosgHAasS A Takas, urto A, < AL,. ®yukons zlnz ! Bos-
pactaer ipu 0 < x < e~ !. Ecmmr AL, < e !, 10 A, InA-Y < AL, In(AL,)"'. Ecim
sonouTebHo Ly, < A, to In(AL,) ' <InL, 2 u A, InA;! <2AL, In L . Tonoxus
§ = min{A, (Ae)~1} u C = 33 A, MBI IpUXOIUM K TPEOYEeMOMY De3yJIbTaTy. o

B cuity samevanust 1 u3s [11] npu Hnij = Cpij B JOKa3aTeJIbCTBE TEOPEMBI 1 MOXKHO
nooxkuTh A = 2max{1810,78A40+5}. 3aecp Ay — abcomoTHAS KOHCTAHTA U3 HEPABEH-
cTBa DcceeHa, J1JI KOMOMHATOPHBIX CYMM B CJIy4ae KOHEYHOCTU TPETbUX MOMEHTOB X pjj.
K nmacrosimemy momenTy A( He HaiifeHa C TOYHOCTHIO XOTs OBl IPUOIU3UTETIBHO OJIN3KOM
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K COOTBETCTBYIOIIUM KOHCTAHTaM Kjaccudeckoil Teopun. 3 paborer Yena n Panra [12]

cieyer, 9To MOKHO B3aTh Ag = 451. Torma A = 70366, C' = 2322078 1 MOXKHO B34Tb

d = 0.000006. fcuHo, uTo yKazaHnue NOJOOHBIX KOHCTAHT B PE3YJIbTATAX 110K (10 yTOUYHe-

HUs KOHCTAHT B HEPABEHCTBAX DCCEEHA JIJIs KOMOUHATOPHBIX CyMM) HEIeJeco00pa3Ho.
[Tepeiimem kK pe3ysbTaTaM O CXOAUMOCTH PSI/IOB.

Teopema 2. ITycmo f(x) u h(z) — noaoorcumenvrwvie gynkyuu marue, wmo f(x) —
0o u h(z) = 00 npu x — oco. ITycmv swnoanens yeaosua meopemovs 1, L, < § u cxo-

dumcs pso
Z fn)L, lnL 1
nh2 '

Psd R cxodumcsa mozda u moavko moeda, xoz2da cxodumcs psd
Z f(n) e—hz(n)/Q. (3)
n
JOKABATEJIBCTBO. ITo Teopeme 1 Mbl nMeem

P (18,1 > VBah(n)) <2(1 - @(h(n) + %

JJId BCEX 7. AHa.HOFI/I‘IHO 3aKJ/Iro9aeM, 9TO HEepaBEHCTBO
2CL,In L1
2(1 = ®(h(n) <P (ISl = VBah(n)) + =0
(1= () <P (S0l > VBah(m) + s

BBIIIOJIHEHO I BeeX n. OTCIofa CIelyeT, ITo CXOAUMOCTD psiia, R 9KBUBaJICHTHA CXOIH-
moctu paga Y., n~ ' f(n)(1 — ®(h(n))). Tak kax

1 e
17¢(h(n))~me h*(n)/2 upm n — 09,

MBI TI0JIydaeM TpebyeMoe. O
PaccMoTpuM BaxkHbIH qacTHBI cyuait f(z) = h?(z). U3 Teopembr 2 BBITEKaeT cJie-
AYIOIIUl pe3ysbTar.

Teopema 3. IIycmo h(x) — nososrcumenvran Pyrkyus makas, wmo h(xr) — oo
npu © — oo. Ilycmov ewnoanenv. ycaosus meopemov, 1, L, — 0 npun — oo u pad
>,n tL,InL;t cxodumea. Pad

= h3(n
> 0p (15,05 VBah(n)) ()
n=2

cxodumes moezda u Mmoavko moada, Kozda cxodumcs paod

3 h®) _h2my/2 5)

n

n

OTmeTuM, 9TO [IPY UCCIICIOBAHUN CXOIUMOCTH Psifia (4) MOKHO TaKZKe UCIIOJIb30BATD
pe3yabTaThl 00 YMEPEHHBIX U OOJBINMUX YKJIOHCHUSX KOMOMHATOPHBIX CYyMM U3 padoT
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asropa [13, 14]. Dro MBI cienaeM B cieyroneM naparpade, a TakyKe IPOBeIeM CPABHEHNe
IIOJIy9CHHBIX PE3YJIbTaTOB.

Ceitgyac MBI TIepeiijieM K Pe3y/abTaTy, MO3BOJISIONEMY OINEHUTHh OJIM30CTH YCJIOBUI
TEOPEMBI 3 K ONTUMAJIBHBIM YCJIOBUASAM KJIACCHIECKON T€OpUH CyMMUpPOBaHuUs. i1t 9TOr0
MBI TIOJIOXKUM finij = 0 izt Beex i, j u n u g(z) = (Ing 2])(Ing Iny |2)*T7, tne 7 > 0, n
Iny z =In(1 + z) gz z > 0.

Teopewma 4. ITycmo svinoaneno ycaosue (1). Ipednoaosicum, wmo liminf By, /n > 0
n—oo
U gnig = EXZ;(Iny | X)) (Iny Iny [ Xp55])*"7 < D < 00 das newomopozo T > 0 u das
ecex 1 < i, <n uecern = 2.
Psd (4) cxodumes mozda u moavko mozda, kozda cxodumes pad (5).

JIOKABATEJIbCTBO. B ycmoBusix TeopeMbr 4 Mbl umeeM B, > dn u

I 1 z”: __ Do __ D _ 2D
" BugWBon 27" Bag(VBL)  dg(Van) - dlnn(lnlnn)?

=0, (6)

JITA BCEX JIOCTATOYHO 60X 1, TAe d > 0. Oynknua x ln 21

IIosromy

BO3pacTaer mpu & < e L.

1
(Inn)(Inlnn)tH7

-1 -1
L,InL;" <é,Iné, O( > opu  n — oo.
CresoBarenbho, psag ) |, n~'L,InL,; ! us reopemnbr 3 cxomures. [o Teopeme 3 mosryuaem
Tpedbyemoe. O
Hecnoxuo yoeuThest B CIIPABEJIMBOCTH CJIEIYIONIETO 3aMETaHUsI.

Sameuanmue 2. IIpu jin;; = Cpyj 79 BCEX 1, j U N Pe3yIABTATH TCOPEMBI 4 U ee CIIeI-
CTBUI COXPAHATCH, €CIN B ONPEICTCHIN MOMEHTOB §n;; 3AMEHUTD CITyJIaltHble BETITINHBI
Xpij UX IEHTPUPOBAHHBIMU AHAJIOTAMH X pij — Cpij-

Ecnu B Teopeme 4 IpeATIONORKATE JOTOJHATETHHO, UTO Bee Xp;; OJTMHAKOBO PacIpe-
JICJICHBI, TO aBTOMATHIECCKN JIOJIPKHO BBITONHATHCA ycnosue EX,;; = 0 jma Beex i,j n
n B cuy (1). B arom ciaydyae KoMOMHATOPHAS CyMMa, COBIAIAET ¢ CYMMON HE3aBUCHMBIX
OJIMHAKOBO PaCIPEJIEIEHHBIX CIyvaiiHbix BesnanH. B pabore eiipuca [15] nmokaszano, 9ro
mpu EX2(Iny | X|)(Iny Iny |X|) < 0o cxommmocTs psma (4) A7t cyMM HE3aBECHMBIX OJTH-
HAKOBO PACIIPEJIEJIEHHBIX CJIYJYalHbIX BeJIMYMH 9KBUBaJeHTHA cxomgumocTh psiza (5). Ilpn
sroM yciosue EX? < 00 He MOXKeT OBIThL 0CIab/ICHO, TAK KAaK IIPU GECKOHEYHOM BTO-
POM MOMEHTE B CJIydae HPHUTSKEHHs] K HOPMAJbHOMY 3aKOHY HOPMUPOBKA OTJIMYIAETCS
OT /N U XapakTep pe3yJsbraTa n3MeHUTCsI. TakuM 00pa3oM, ycaoBus TeopeMbl 4 6JIn3Ku
K ONTUMAJIHbHBIM.

U3 reopem 3 u 4 upu h(x) = /(2 + ¢) Inlnz Mbr mosTyunm Takoil pe3yJbTaT 0 CKoO-

poctu cxogumocTn B Kombunaropaom 3ITJI.

Caencreue 1. Ecau gvinoanenvs ycaosus 00noti u3 meopem 3 u 4, mo pso

= Inl
Z%P(wnp (2+€)Bnlnlnn) (7)
n=2

cxodumes das 106020 € > 0 u paczodumes das a0bozo € € (—2,0). Ecau donosnumenvro

soinoanerv, yerosus liminf By, /n > 0 u limsup B, /n < oo, mo & (7) mootcro samerumo
n— oo n—oo

Inlnn/n #aInln B, /B, ulnlnn xa Inln B,,.
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ITpu h(z) =en? c g > 0 u e > 0 u3 TeopeMbl 4 BHITEKAET CJIELYIONH KOMOHHATOD-
HBII BapuaHT oneHkn bayma — Karta ckopoctu cxomumoctu B ¥ 35Y.

Caencrsue 2. ITyemv q > 0. Ecau 6binoanenst Yyeaosus meopemut 4, mo pao
o0
Y n2-lp (|Sn| > 5\/Bnnq) 8)
n=2

cxodumes das a106020 € > 0. Ecau donoarumenvro vinoaneno ycaosue limsup By, /n <
n—oo

00, mo & (8) moosicho samernums By wa n.

B pabGore Bayma u Kana [3] nokasano, uto mpu ¢ > 0 Jyisi CyMM HE3aBUCHMBIX
OJIMHAKOBO PACIIPeIeJIEHHBIX CJIyUYailHbIX BEJIMUYNH CXOIUMOCTD Psijia, AaHAJOTHIHOTO Py
(8), sxpuBasenTna yeaosusm EX = 0w EX? < co. TakuM 06pa3oM, MOMEHTHbIE yCIOBHST
CJIEZICTBUSA 2 OJIM3KN K ONTUMAJIBHBIM B 9TOM CJIyUae.

Ormerum, yro caencrsue 2 upu ¢ = 1/2 u limsup B, /n < 0o BMecTe ¢ JIeMMOii
n—oo

Bopens — Kanrenmu gator komGunaropusii Y3BY:

Sn
lim — =0 m=n (9)

n—,oo N
DTOT pe3yJbTaT II0 MOMEHTHBIM YCJIOBHSAM JIydille, 9YeM Pe3yJIbTaThl B paboTax aBTopa
[16, 17], HO B mOCJIEHUX paboTax He IPEeNoIaraeTcsi He3aBICHMOCTh JIEMEHTOB MATPUIL

X,

3. BoJsbinine yKJIOHEHUS U OLIEHKHM CKopocTeil cxogmmocTu. Mol yxe oTme-
TUJIM BBIIE, YTO IIPH MCCJIEJIOBAHUY CXOAUMOCTH psa (4) MOXKHO UCIOJIB30BATH PE3YIlb-
TaThl O HOPMAJBHON CXOJMMOCTH B y3KHX 30HaX. Ilo Teopeme 2 u3 paborsl aBropa [13]
COOTHOIIIEHNE

P (1] > VBah(n)) ~ 21 = ®(h(n)) 1mpu 1 - o0

BBIIOJIHEHO Jutst Beex h(n) takux, uto h(n) < v/2InLy' —Inln Ly, ' — 6,,. 3necs {0,} —
POM3BOJIbHAA MOCJIEIOBATEILHOCTD TTOJOKATEIBHBIX 9HCE] Takad, 9To 0, — co u 0, =
o(lnln L;1) mpu n — oo.

B ciyuae, cCOOTBETCTBYIOIEM TeOpeMe 3, IPUMEHEHHUE TIOCIEHEr0 COOTHOIIICHUSI IIPU-
BOZIUT K 3aMeHe yCJIOBUsI CXOAUMOCTH psiia y ., n~ 'L, In L' Ha orpanudenne ceepxy st
h(n). B ro xke Bpemst ecau psaj (5) cxomuTcest it HEKOTOPoi dyHKum h(n), T U JJist BO3-
pacraomux 6bicTpee DyHKIWIA OH ToXKe cxoaurcs. [losromy orpanudenus va pocrt h(n)
OyIyT COKpaIaTh 00JIaCTh IPUMEHIMOCTH TIOJIy9eHHOTO pe3yabrara. OQHAKO 3TO BCe ¥Ke
MOKET OBITh MOJIE3HBIM, KOTJa L, CTPEMUTCs K HYJIIO CJUIIKOM MEJJIEHHO U TeopeMa 3
He IPUMEHHMA.

Tenepn chOpMyIUpyeM CJIEIYIONUN PE3y/IbTAT, BBITEKAIOIUI U3 TeOPEMbI 2 pabOThI
asropa [13].

Teopema 5. 3Baxaouenue meopemv, 3 0CMAHEMCA CNPABEOAUSHIM, ECAU YC-
A08UE  cxOOUMOCTIU  PAJG Zn 'L,InL,t samenumv  ycaosuem  h(n) <
V2L, —InlnL,' —0,.

JI1060MBITHO, ITO U3 ITOI TEOPEMBI HEJIB35I IIOJIY IUTh PE3YJIbTAT CJIEACTBUS 1 B yCiIo-
Buax TeopeMbl 4. JleHfcTBUTENBHO, JJIA IPOCTOTHI JOIOJHUTEIBHO IPEIIOTIOXKNAM, ITO
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B, ~cnnpun — 00 H# gnij > go > 0 mua Beex 4,7 u n. Torna L, ¢ TOYHOCTHIO J10
MHOXKUTeJIsT BeJleT cebsi Kak 0, u3 (6) mpu n — 00 U BepxHsisd rpaHuna s h(n) SKBuBa-
sgeraTHa V2 Inln n. 3oHa HOPMATHLHON CXOUMOCTH OKA3aJ1aCh HEMHOTO Y Ke HEOOXOUMOi
qtst oty genust orenku B 3111

V30CTh 30HBI HOPMAJIBHOW CXOIUMOCTHA B HACTOSIIUI MOMEHT MOYKHO CKOMIIEHCH-
pOBATh JIUINb MIPUMEHEHUEM DPe3yJIbTATOB I CJIArA€MbIX C IKCIIOHEHITHAJbHBIMEI MO-
meHTamMu. OTMETHM, 9TO MTOKA OTCYTCTBYIOT Pe3YyJIbTaThl pu H60Jjiee CIadbIX MOMEHTHBIX
[IPEJIITIOJIOKEHUSIX. DTO CBA3AHO C TEM, YTO PE3yJIbTaThl 00 YMEPEHHBIX YKJIOHEHUIX OBLIN
HOJIyYeHbl U3 OIEHOK THUIIA HEPABEHCTB DCCeeHa i KOMOMHATOPHBIX cyMM (cM. [13]).
WccnemoBanme OOMBIIX YKJIOHEHWI METONAMU, CXOTHBIMH C METOJAMHU KJIACCHIECKON
TEOPHHU TOJBKO Hauauch. Pabora aropa [14] sBisercs nepBoii paboToii B 9TOM HAIIPAB-
slennu. VlccyieloBaHMsST €CTECTBEHHO HAYUHATH CO CJIydasl KOHEUHBIX SKCIIOHEHITUAJBHBIX
MOMEHTOB, KaK 3TO ObLIO U B KJIACCUIECKOIN Teopuu.

W3 reopemsr 1 paboTel aBropa [14] BEITEKAET CIIEIYOMUI PE3yIbTAT.

Teopema 6. ITycmov swvinoaneno yeaosue (1). Hyemo {M,} — neybwsarowan no-
CAEA08AMEALHOCTID NOAOICUMENDHDIT YUCEA MAKAA, “mo npu S = 1,2, 3 nepasencmsa

|EX)| < DEIM) ™ E[X,,;]° (10)

nij

svinoanatomes oas ecex k > s, 1 < 1,5 <nun =2, 2de D — abcortomnas noaoscu-
meavraa nocmoarnnaa. Iloaoscum

\/_ EX'rQLU . EXT?LL] . ElXTHJP
Yn = max { max —E| X5/, max , max , _—
n i /—B nij Z B Z B L;% \/EB;;/Q

Iyemo h3(n) = o(y/n/vn) u h(n) = o(/B,/M,) npun — oo.

Psad R cxodumes mozda u moavko moeda, kozda cxodumes pad (3).

Hepagencrsa (10) npegcraBisior u3 cebs aHAJIOr HEPABEHCTB BepHIITeliHa, BBIIOJI-
HEHHE KOTOPBHIX SKBHBAJEHTHO YCJIOBHIO CYINECTBOBAHMS SKCIOHCHIINAJBLHLIX MOMEHTOB
B KJIACCHIECKOH TEOPUH CyMMUPOBAHU.

Ecmu cymecTByer HeyOBIBAIOASA MOCIEIOBATEIHLHOCTD ITOJOXKHUTEILHBIX IIOCTOSH-
ueIx {M,} rakas, ato P(|Xy;| < M) =1 mma seex 1 < 4,j < numn > 2, T0 yciaosue
(10) Boimoszeno. B Bripoxkaennom ciaydae P(Xpij = cpij) = 1 g Beex 1 < 4,j < nu
n > 2 ycaosue (10) Beinosnreno ¢ M, = max; j |cpi;| It Beex n.

4. IlpujioyKeHusI K PaHTOBBIM CTATHMCTHKAM. Tak KakK BEKTODP PaHTOB BLIOOD-
KI 06beMa 1 ¢ HelpepLIBHBIM paclipefieJieHueM UMeeT paBHOMEpHOe paclpeje/leHue Ha
MHOZKECTBE IIepecTaHOBOK uncest 1,2, ..., n, BeaKas JIMHelHas pAHroBas CTATUCTUKA, 5B-
JIsI€TCsl KOMOMHATOPHOM CyMMOIf ¢ BBIPOXKI€HHBIMA X ;5. IIpOCTBIE pAHIOBBIE CTATHCTUKH
COOTBETCTBYIOT CILYIAIO Crij = (pibpj-

B kadecTBe IpuMepa IPUMEHEHHs TeopPeMbl 6 MBI paCCMOTPHM II0BejieHne Koaddu-
nuenTa panrosoit koppensnun Crmpmena. B aToM ciiydae an; = bn; = 2(n — 1)71(i —
m+1)/2) sl <i<nmu

4 . on+lN /. n+tl .
ij(n—l)g(z 5 )(] 5 >, 1<e,j<n
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Hecio:kHO ipoBepuTh, 9o yeaosue (1) 31ech BbInoIHeHO. PaHroseiit Koaddurment Kop-
pensinun 0 CupMeHa OIpeesIsieTCsl COOTHOIIEHUEM

B ) () -

i=1

B namewm ciygae M, =1 n

2

.1, = n+1 16 (n(n?-1)\?
B”*DS"*n—lzC”” (n—1y Z( ) (n—1)5< 12 '

ij=1 j=1

Mgt umeem By, ~ n/9 u

VI B X < Y = 0(1),

max
ij \/Bn B,
n EXEL 1 n 7’L+1
maxd S5t < 53 € > (- ) = o0
B, B, nij (n—1) Bn(n—1)2 ’
j=1
n EX2 n EIX. .. sz;
iy =5 = 0 2—' wall <y e —on)

npu n — oo. Creosaressno, v, = O(1) u h(n) = o(n'/®) npu n — oo B MocHETHEH
TeopeMe. B JJaHHOM Cilydae MMeeT MeCTO COOTHOIIEHNE

R:ifsl P (S| > VB, )Zf P (Vi —1lp| > h(n)).

n=2 n=2

IMonoxus f(x) = z u h(z) = \/(24+¢)lnzx ¢ € > 0, mo TeopeMe 6 MBI TOJYIUM

cxomuMocTh psista R. Ilo nemme Bopenst — KanTesm Mbl numMeem

limsup,/i|p| <V2 mm
n—oo Inn

Dror pesyabrar g o Jydine, 9eMm B [16, 17], Ho B mocaennux paborax paccMaTpUBa-
Jlachk OoJtee oOIasi cuTyarust mpu OoJiee ciabblXx MOMEHTHBIX orpaHundeHusx. I[locsemnree
HEPaBEHCTBO JIAET OLEHKY cKopocTu cxogumocT B Y3BY st ¢ (T. e. B coorHOmeHnu (9)
¢ 3aMeHolt S,, Ha np). B cuwily yKasaHHBIX BbIIIE IPUYMH, Mbl HE MOYKEM YJIYUIIUTH ITY
OlleHKY 110 aHaJsora Kiaaccudeckoro 3IIJI. Ormerum, uro mis g(x) = x xpobs JlsamyHosa
L,, mveer opsiiok n~ Y2 pm n — 00 W TMOMYUATH TOCIEIHI PE3yIbTAT ¢ TOMOIIBIO

Teopembl 2 He yraercs. Oanako, B3as f(x) = h(z) u h(z) = /(2 +¢)Inlnx ce > 0, n

110 TeopeMe 3, U 110 TeopeMe 6 MBI IMOJIYyYUM CXOJIUMOCTD DA

Zlnlnn (\/nT“)' \/m)

n=2

s gioboro € > 0. g € < 0 mociieuuil psisi pACXOMUTCH.
Teopema 3 (u ee ciieACTBUSI) B OTIMYUE OT TEOPEMbI 6 IIO3BOJISET PACCMATPUBATD
Xnij IpU 3HAUUTEJILHO Gostee ciabblXx MOMEHTHBLIX orpaHudeHusx. B pabore asropa [17]
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MOXKHO HalTH npuMep 0O0OINEHHBIX PAHIMOBBIX CTATUCTUK, JJIsi KOTOPBIX Teopema 6, BO-
00I1e TOBOpsI, HEITPUMEHUMa. TeM caMbIM MbI [TOKa3aJid, YTO MTOJIE3HBI 00a TUIA Pe3y/Ib-
TaTOB, JIONOJHAIOMUX JAPYT JApyra.

ABTop BeIpazkaer 61aroJapHOCTb AHOHUMHBIM PEIEH3eHTAM 33 PsIJT 3aMEYaHuil, CI1o-
CcOOCTBOBABINUX YJTyUIIEHAIO CTATHH.
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On bounds for convergence rates in
combinatorial strong limit theorems and its applications*

A. N. Frolov
St. Petersburg State University, 7-9, Universitetskaya nab., St. Petersburg, 199034, Russian Federation

For citation: Frolov A.N. On bounds for convergence rates in combinatorial strong limit the-
orems and its applications. Vestnik of Saint Petersburg University. Mathematics. Mechanics.
Astronomy, 2020, vol. 7(65), issue 4, pp. 688—698. https://doi.org/10.21638/spbu01.2020.410
(In Russian)

We find necessary and sufficient conditions for convergences of series of weighted proba-
bilities of large deviations for combinatorial sums Y . X, ;), where || Xn;| is a matrix
of order n of independent random variables and (7, (1), 7 (2),...,7n(n)) is a random per-
mutation with the uniform distribution on the set of permutations of numbers 1,2,...,n,
independent with X,;;. We obtain combinatorial variants of results on convergence rates
in the strong law of large numbers and the law of the iterated logarithm under conditions
closed to optimal ones. We discuss applications to rank statistics.

Keywords: combinatorial sums, convergence rate, law of the iterated logarithm, strong
law of large numbers, Baum —Katz bounds, combinatorial strong law of large numbers,
combinatorial law of the iterated logarithm, rank statistics, Spearman’s coefficient of rank
correlation.
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