YIK 517.44 Becruuk CII6I'Y. Cep. 1. T. 1(59). 2014. Bpm. 3

PROPERTIES FOR AN INTEGRAL OPERATOR OF
p-VALENT FUNCTIONS

Nicoleta Ularu', Laura Stanciu?

1 “Ioan Slavici” University of Timisoara,

str. Aurel Podeanu, No. 144, Timigoara, Roméania
2 University of Pitesti,

str. Targul din Vale, No. 1, Pitesti Romania
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1. Introduction and definitions

Let A, the class of all p-valent analytic functions
f(z)=2"+ap1zPt +...,peN

on the open unit disk Y = {z € C: |z| < 1}. If we consider p = 1 we obtain that A; = A,
the class of all analytical functions on U that satisfy the condition f(0) = f/(0) —1=0.
We consider the classes introduced and studied by R.M. Ali and V.Ravichandran
in [1].
The class of p-valent starlike functions is denoted by S} () and satisfy the condition

()

fory<1land z € U.
A functions f € A, is in the class of p-valent convex functions if

L (2"2)
Z;Re< 702) +1> >,y <1,

and we denote this class by IC,.

Starting from the classes of starlike and convex functions of complex order a and type
@, R. Ali and V. Ravichandran in [1] defined the classes S;(a, ) and KC)(a, a) as follows:

Si(a,a) = {feAp,a< 1:Re <1+% (%foéz) 1)) >a}

Ky(a,0) = {fEAp,oz< 1:Re <1+%(% <1+ Z;,/;S)) +1>> >a}.

In the case of p = 1 the classes were studied by Breaz [4], Frasin [6], etc.
Next we will consider the classes M (y) and N, (7).

and
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A function f € A, is in the class M, (v) if
1 Zf’(2)>
—Re <
p ( f(2)
for v > 1.

The class N, (7) contains all the functions that satisfy the condition

(7 ) <

for f € Ay and v > 1.

If we consider p = 1, we obtain the classes M(vy) and N (y) that were studied by
many others, for example: Breaz [3], Ularu, Breaz and Frasin in [12] and Uralegaddi et al.
in [11].

Also they have defined in a analogue mode the classes M, (a, ) and N, (a, o).

A function f € A, is in the class M,(a, «) if

e (G 1)) <
for a > 1.

The class N, (a, o) contains all the functions f € A, that satisfy
1/1 z2f"(2) ) ) )
Re 1+—(—(1+ -1 <o
( b \p f'(2)
for a > 1.
A function f is uniformly p-valent starlike of order o with —1 < « < p in the open
unit disk if
2f'(z) ) 2f'(2) '
Re —a| > —p
< f(2) f(2)

for z € U. This class was introduced by Goodman in [7].
The class of uniformly p-valent close-to-convex functions of order o with 0 < a < p
in U contains all the functions that satisfy

Re (Zf'@ - a) >
9(2) B
for z € U and the function g from the class of p-valent starlike functions of order «.

To prove that our functions are p-valently starlike and p-valently close-to-convex in
the open unit disk we will use the following lemmas:

2f'(2)
9(2)

J

Lemma 1.1 (8). If f € A, satisfies

2f"(z)
f'(2)

1
t<p+- forzel, (1.1)

Re{l + 1

then f is p-valently starlike in U.
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Lemma 1.2 (5). If f € A, satisfies

//()
'(2)

then f is p-valently starlike in U.
Lemma 1.3 (9). If f € A, satisfies

() ath
70 <P T an =T

for z € U, where a > 0,b >0 and a + 2b < 1, then f is p-valently close-to convex in U.
Lemma 1.4. [2] If f € A, satisfies

+1- ’<p—|—1 for z e U, (1.2)

Re{1 + (1.3)

2f"(2)
f'(z)

for z € U, then f is uniformly p-valent close-to-convex in U.

Re{l +

}<p+§ (14)

To prove our results we consider the integral operator

z n ) i / Ai
Gp,n(z)/0 tptll_[(flT(t)) .<];‘7£p(f>1> dt, N >0, (1.5)
1=1

that was studied by Stanciu and Ularu in [10].

2. Main results

Theorem 2.1. Let f;,g; € Ap, i, \i > 0 and al,ﬂl <1lfori=Tn If f; € S;(B:) and
9i € Kp(ai), then Gy, € Kp(v), where y =1 — Z pi(l = Bi) = 22 Ai(1 — ).
=1 =

PROOF. Starting from relation (1.5) and by logarithmic differention we obtain that

It follows that
1 ZGZ,n<Z)> 1 - ( , (zf{(Z) B ) , (Zgi’(z) N ))
» (” G ) b (”; A I R e
1 Gpn(2) _ 1 ~( (zfl(z) ) _ (Zgé'(Z) 3 ))
e 1+ G () )= e (”*; (m (75 2) o (5 -0+1)) )
Using that f; € S;(8i) and g; € Kp(ci), we obtain

1 2GY (2 ) n
—Re(1+ >1-— wi(l = 5;) 1—a;)=17.
e (1 ) > 1- 2w a0 - oud

and
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For n =p =1 in Theorem 2.1 we obtain

Corollary 2.2. Let f,g € A, y,A > 0and o, 8 < 1. If f € §*(B) and g € K(a), then
z)= [ t (@)H (g'(t))" dt is in the class Kp(y), where vy =1 — p(1 - 8) — A(1 — «).

If we consider p; = po = -+ = ppy = pand \y = Ay = --- =\, = A in Theorem 2.1
results:
Corollary 2.3. Let fi,¢; € .Ap, pA > 0 and a;, 8 < 1, for i = T,n. If f; € S5(8:)
L\ A
and g; € Kp(a), then Gpn(2) = 5 tp'™! H (f‘(t)) (;tip—(f)l) dt € Ky(v), where v =

1—u2(1—ﬁi)—/\;(1—ai).
Theorem 2.4. Let fi,g; € Ap, s, 5; > 1 and ,ul,)\ >0 fori=1,n. If f; € M,(8;) and
gi € Np(ai), then Gy, (2) € Np(7), Where'yflfz,ul(ﬂzf 1) — Z)\(Ozl*l)

i=1 i=1

PrROOF. The proof is analogue with the proof of Theorem 2.1. [l
Theorem 2.5. Let fi,g; € Ap,a;, 3; <1 and p;, \; >0 fori =1,n. If f; € S,(a, ;) and
gi € Ky(a, B;), then G, ,, € K(a,7), where y =1— > ;i — Y Ay, fori =1,n.

i=1 i=1

PRrOOF. Using the idea from the proof of Theorem 2.1 and the definition of the class
Kp(a,y) we obtain that
_ 1)) +

(168
e EE G ) ) -

>1- Zﬂiﬂi - Z)\iai-
i=1 i=1

For p =n =1 in Theorem 2.5 we obtain:
Corollary 2.6. Let f,g € A,o,8 < 1and pu, A >0.If f € S*(a,) and g € K(a, ), then
z)= [ t (@)H (g’ () dt € K(a,v), where v =1 — pf — Aav.
Theorem 2.7. Let 113, \; positive real numbers and f;, g; € A, for i = 1,n. If f; satisfies
/
75 <t
D i

i=1

"
. 3
Re (Zg/z (Z) +1) <p7 = ,
gl(z) 4 Z \;

i=1

Re

and g; satisfies

then Gy, ,, is p-valently starlike in the open unit disk.
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ProoF. From the definition of Gy, , and from the hypotheses of our theorem it follows:

ZGN 5
Re{1+—~ (<) ( Zuz ZA)JrZR <gl )) )<

p,M
( Zm ZA>+ZW e |+ e | <
i=1 Zﬂz i=1 43N
i=1

< +1
p 4

According to Lemma 1.1 we obtain that G, ,, is in the class of p-valently starlike functions.
O

If in Theorem 2.7 we consider n = p = 1, then we obtain:

Corollary 2.8. Let p, A positive real numbers and f, g € A. If f satisfies

z2f'(2) 1
Re <1+ -
f(z) p
and g satisfies
29" (2) 3
R 1 1——
(Tt ) <t-m

z H . . . . .
then G(z) = [, t (@) - (¢'(t)) dt is starlike in the open unit disk.

Theorem 2.9. Let u;, \; positive real numbers and f;, g; € A, fori = 1,n. If the functions

fi satisfies
/!
Zfz(z)_p’< P

. n
fi(2) S i
i=1
and the functions g; satisfies
29; (2) ‘
-p+1|<
9:i(2) S

A

i=1
for z € U, then G, ,, is p-valently starlike in U.

PRrROOF. Using the hypotheses of these theorem, we obtain that

2Gya(2) - 2fi(2) 297 (2)
p,n [
7+1—p’= u( p)+x( p+1)
Ghon(2) Z fz( ) i(2)
<Zﬂz —p‘+z>\z zgf” p+1’<
i=1 i=1 gl(z)
<p+1
Using Lemma 1.2, results that G, ,, is p-valently starlike in U. |
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For p =n =1 in Theorem 2.9 results:

Corollary 2.10. Let pu, A positive real numbers and f, g € A. If the functions f satisfies

!
1
f(z) 1
and the functions g satisfies
29" (2) 1
< J—
(z) | A

g/
for z € U, then G(z) = [t (@)” (g'(6)) dt is starlike in U.

Theorem 2.11. Let pu;, \; positive real numbers and f;, g; € Ap fori = 1,n. If f; satisfies
2fi(z) a

Re : <p-+ - ,
PO
i=1
and g; satisfies
1
Re<1+zgf<z)><p+ b
9:(2) (1+a)(1-b) 3 N\

i=1

fora>0,b>0,a+2b <1 and z €U, then G, is p-valently close-to-convex in U.
PRrROOF. The proof is similar with the proof of Theorem 2.7, but we use Lemma 1.3. O
Considering p = n = 1 in Theorem 2.11 results:

Corollary 2.12. Let u, A positive real numbers and f, g € A. If f satisfies

) gy .

R A+ a1 - b

and g satisfies

29" (z) b
Re@*yw>)<1+<r+wa—wx

z H .
fora > 0,6 > 0,a+2b <1 and z € U, then G(2) = [t (@) (g () dt is close-to-

convex in U.

Theorem 2.13. Let p;, \; positive real numbers and f;, g; € A, for i = 1,n. If f; satisfies

ORI

fiz) >

i=1

"
gz(z) 3 Z i

i=1

Re

and g; satisfies

for z € U, then G, ,, is uniformly p-valently close-to-convex in U.
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PRrROOF. The proof is similar to Theorem 2.7, using Lemma 1.4. |
For p =n =1 in Theorem 2.13 we obtain:

Corollary 2.14. Let u, A positive real numbers and f, g € A. If f satisfies

S 1
@ 't

Re

and g satisfies

z H . . .
for z € U, then G(z) = [t (@) - (¢'(t))" dt is uniformly close-to-convex in U.

Bibliography

1. Ali R. M., Ravichandran V. Integral operators on Ma-Minda type starlike and convex functions
// Mathematical and Computer Modelling. Vol. 53. 2011. P. 581-586.

2. Al-Kharsani H.A., Al-Hajiry S.S. A note on certain inequalities for p-valent functions // J.
Inequal. Pure Appl. Math. Vol. 9(3). 2008. Art. 90.

3. Breaz D. Certain Integral Operators On the Classes M(3;) and N(8;) // Journal of Inequalities
and Applications. Vol. 2008. Article ID 719354.

4. Breaz D., Guney H. O. The integral operator on the classes S¥(b) and Co(b) // J. Math. Inequal.
Vol. 2(1). 2008. P.97-100.

5. Dziok J. Applications of the Jack lemma // Acta Math. Hungar. Vol. 105(1-2). 2004. P. 94-102.

6. Frasin B. A. Family of analytic functions of complex order // Acta Math. Acad. Paedagog. Nyhazi.
(N.S.). Vol. 22. 2006. P. 179-191.

7. Goodman A. W. On uniformly starlike functions // J. Math. Anal. Appl. Vol. 55. 1991. P. 364-370.

8. Nunokawa M. On the multivalent functions // Indian J. Pure Appl. Math. Vol. 20. 1989. P.577—
582.

9. Raina R. K., Bapna I. B. Inequalities defining certain sublcasses of analytic functions involving
fractional calculus operators // J. Inequal. Pure Appl. Math. Vol. 5(2). 2004. Art. 28.

10. Stanciu L., Ularu N. Some properties for two p-valent integral operators, to appear.

11. Uralegaddi A., Ganigi M. D., Sarangi S. M. Univalent functions with positive coefficients //
Tamkang J. Math. Vol. 25(3). 1994. P. 225-230.

12. Ularu N., Breaz D., Frasin B. A. Two integral operators on the class N'(3) // Computers and
Mathematics with Applications. Vol. 62. 2011. P.2551-2554.

CraTbst IocTynuiia B pegakiuioo 27 mapra 2014 1.

CBenenus o6 aBTOpax

Huxonema Yaay — PhD; nicoletaularu@yahoo.com

Jlaypa Cmanwu —PhD; laura_stanciu_ 30@yahoo.com

CBOICTBA UHTETPAJIbBHOT'O OIIEPATOPA p-3HAUHBIX ®YHKIIUN
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Ilenbio cTaThbu SBJISIETCH MOJIyYeHHE HOBBIX JIOCTATOYHBIX YCJIOBHIl I OllepaTopa Ha KJaccaX 3Be30-
00pasHBIX U BBILYKJIBIX (PYHKIUN HOpsSAKa ¢ W THIA (v, KJIacCa P-3HAYHBIX 3BE3J000pas3Hble (PyHKIHUIL,
P-3HAYHBIX BBIIYKJIBIX (DYHKIUH U OJHOPOIAHO P-3HAYHBIX 3BE3J000Pa3HBIX M BBIITYKJIBIX (hyHKnuii. Bub-
suorp. 12 Hass.

Knmouesvie caosa: anamurudeckne OyHKIUY, GYHKINNA OJIM3KHAE K BBIITYKJIBIM, QYHKIUNH OJIU3KHE K
3BE37[000Pa3HbIM, HHTEI'PAJIBHBIN OIIepaTOP.
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