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The initial-boundary value problem with Dirichlet boundary condition for higher order
parabolic equations in a cone with edges is considered. We prove the well-posedness by the similar
arguments as in [19]. Moreover, the regularity of the solution are also proven. Refs 25.
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1. Introduction. Let K = {z € R® : z/|z| = w € Q} be open polyhedral domain
in R? with vertex at the origin. Suppose that the boundary 0K consists of the vertex
x = 0, the edges (half-lines) M, --- , My, and smooth (of class C*°) faces I'y,--- ,T'q. This
means that Q = K N S? is a domain of polygonal type on the unit sphere S? with sides
Ve = FkﬂSQ. Let T,0 < T < 00, and Fj7T :Fj X (O,T), j=1,--- ,d; K = K X (O,T)

Let the partial differential operator given by

m

L(H]‘,t,D) = Z Dg(a’pq(x’t)Dg)7

[p],lq|=0

where a,, are bounded functions with complex values from C*°(Kr), a,q = (—1)P*9a,,
and @g, denotes the conjugate of agp.

We also suppose that operator L is strong elliptic uniformly with respect to ¢t € [0, T),
that is, there exists a constant ¢ > 0 such that

ST g€t > e, V(a,t) € Ky (1.1)
[pl,lgl=m

forall vector £ € R™.
Consider the initial-boundary value problem

us + (—1)"L(x,t; Dy)u = f in Kr, (1.2)

0+ Ty

U —0, k=1, =1, .d 1.3

a]/k71 F]YT b b 7m7 j b ) ) ( )

tt=o =0 in K. (1.4)
Here function f(z,t) is given on Kr, v denotes the exterior normal to T'jp,j=1,--- ,d.

Elliptic boundary value problems in polyhearal domains have been studied by Maz’ya
and Rossman in the monograph [22]. Along with elliptic boundary value problems,
mathematicians have paid considerable attention to initial-boundary value problems for
parabolic equations in domains with conical points or with edges. In [7, 8] Maz’ya
and Kozlov considered the heat equation in domains with conical points in which the
asymptotics of the solutions near conical points was studied. For domains with edges,
Solonnikov [24, 25] and Nazarov [23] estimated the Green function and proved the existence
of solutions of the Dirichlet and Neumann problems for the heat equation in weighted
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Sobolev spaces. In [13, 14] Kozlov and Rossman have been studied the asymptotics of the
solutions of the Dirichlet problem for the heat equation near an edge. In [9-11] Kozlov
has been dealt with for general second order parabolic equations with time-independent
coefficients in domains with conical points, where the asymptotics of solutions and a
description of the sigularities of the Green function near the conical points were obtained.
In the case of time-dependent coefficients, let us mention some works related to this case. In
[1-4] in which the unique existence of weak solutions in Wpl—Sobolev spaces was established.
In [6] one investigated results on the existence, uniqueness and regularity of generalized
solution of equation (1.2) with initial and general boundary conditions in conical domains.
Recently, in [19] and [20] we considered the Cauchy—Dirichlet problem for nonstationary
equations of second order in domains with edges.

In contrast to the above papers, in this work, we consider higher order parabolic
equations with time-dependent coefficients in a cone with edges. By modifying the method
suggested in [19] to obtain the well-posedness of problem (1.2)—(1.4). Furthemore, we prove
the regularity of the solution in weighted Sobolev spaces with using the help of regularity
results for elliptic boundary value problems in [22].

2. The well-posedness of the problem. Fistly, we will introduce some Sobolev
spaces as usual on K and Krp.

1. H™(K) is a Sobolev space complex functions u(x) defined on K with the norm

1
fulanie = (X [ 107uPde)” < +oc.

[p|<m i

2. H™(K) denotes the closure of C§°(K) in H™(K).

3. H™"(Kr) denotes the Sobolev space complex functions u(z,t) defined on K7 with

the norm
h 1
2
el gt ey = (/ (3 ID7ul > fues P ) dadt) " < +oc,
Ky IPlsm i=1
where p = (p1,- -+ ,pn); m, k are nonnegative integers.

4. The space H™F(Kyp) is the closure in H™* (K1) of the set consiting of all functions
u € C*°(Kr), which vanish near Kt = U?Zl Tjr.

Let us denote by

B(u,v;t)z/ Z (=1)Pla, (2, t) DIuDEvda
K Ipllal=0

the time-dependent bilinear form. Then, we have the following Green’s formula:
(L(z,t; D)u, v)1,c) = B(u, v3t),
which is valid for all u,v € C§°(K) and a.e. ¢t € [0,T].
395



Definition 2.1. A function u € fOImJ(ICT) is called a generalized solution of problem
(1.2)-(1.4), if and only if u(x,0) =0, Yz € K and the equality

(ut7U)L2(lC) + (_l)mB(u7U;t) (fv )LQ(IC a.e. te [O7T]v (21)

holds for all v € H™(K).
From the assumptions above, we also have the Garding’s inequality, i.e., there exist
constants pg > 0, A9 > 0 such that

(=)™ B(u,ust) > pollullFrm ey — Mollullg ) (2.2)

holds for all u € H™(K) and a.e. t € [0,T].

We note that the constant A\g can be chosen with 0, since by a substitution v = e u
the operator L can be transformed to L = L + Ao, with the time-dependent bilinear form
associated with L is B(., .;t) satisfying (2.2) with the constant Ag = 0. Hence, throughout
the present paper we also suppose that B(.,.;t) satisfying the following inequality:

— Aot

(=)™ B(u,u;t) > pol|ullFrm k) (2.3)

for all u € H™(K) and a.e. t € [0,T].
By Galerkin’s approximating method and arguments similar as in [19], we have the
following theorem.
Theorem 2.1. Let f € Ly(Kr), and suppose that the coefficients of the operator L
satisfy
sup{|apql; lapqt| = (z,t) € Ko} <p, p = const.

Then problem (1.2)-(1.4) has unique generalized solution u in the space H™(Kr) and
the following estimate holds:

[ullZm 0y < ClF I a0er): (2.4)

here C' is a constant independent of u and f. This solution depends continuously on f.
The results above shows the unique solvability of problem (1.2)—(1.4). Furthemore,
the next observation shows that the generalized solution dependens continuously on the
right-hand side f of (1.2).
Now we will prove the continuous dependence on the coefficients of the operator L.
Let 6 > 0, we denote by

L =L, t;D):= Y DP(a),(x,t)D),

0<|pl,lg|<m

the operator depends on 4, the coefficients af,q are bounded functions with complex values
from C®(Kr), ad
Set

5% 5 . . : : 5
g = (—1)|p|+‘q‘aq;§, aq;; denotes the transposed conjugate matrix of ag,

(u,v;t) / 1)lPlg? g (T, t) DiuDRvdz,
® Ipl,Jal=0

assume also that the Garding’s inequality
(=1)™B°(u,ust) = fio|ul|Fmicys  Fo > 0, (2.5)
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holds for all u € H™ (K) and a.e. t € [0,T]. Let u® be the generalized solution of problem
(1.2)—(1.4) with replacing the operator L by L°. Then we have the following theorem.
Theorem 2.2. Let u be the generalized solution of problem (1)—(3). Suppose that

sup{|apq(z,t) — agq(:r7t)| (0 <1pl,lg] <m,(z,t) e Kr} <0() =0 as § — 0.

% conveges to u as 6 — 0.

§ —u, we get from (2.1) that

Then functions u
PROOF. By setting U? = u

U2, 0)+ (~)"BU vit) = > (=1)PH"(apg — ad, ) DuDPudx (2.6)
0<lp|,lql<m

holds for all v € H™(K). Let {wg(2)}?,, as in Theorem 2.1, set U%N(x,t) =
S OO (#)wp(x), with {C2NIN_ | are the solution of the system of the following
ordinary differential equations

(U57Nawk) + (_1)mB(U6)Nawk;t) =
= > (-)PF(ay, —a),)DWuDPwrdz, te€[0,T), k=1,..,N, (27)

0<|pl,lg|<m

with the initial conditions
N0y =0,k=1,...,N. (2.8)

Let us multiply (2.7) by C,i’N(t)7 sum k=1,... N, to find

U, UPN) 4 (=) BUON, U 1) =

= (—1)PH™ (g, — ad ) DIuDPUNdz.  (2.9)
0<]p|,lq|<m

Now adding this equality to its complex conjugate, we get

4

ST ) + (C1)"2BEN, U ) =

=2Re > (=1)PF"(ap, —a),)DWDPUINdx. (2.10)
0<lpl,lql<m

Employing inequality (2.5) and the Cauchy inequality, we obtain from (2.10) the estimate
d ~
E(IIU‘S’NII%Q(@) + (20 — )TN 2 ey < COO) [l Frm ) (2.11)

where C only depens on €. Choosing 0 < & < 2[ig, we have

d
E(IIU‘S’NII%Z(;@) < COE) l[ullzm - (2.12)

Integrating them with respect to ¢ from 0 to 7,7 € (0,7"), we obtain

r/d
[ (10 By ) de < COOalBrnory < COON sy
0

397



By arguments analogous to the proof of Theorem 2.1 of [19], we arrive at

||U57N||§—Imv1(/CT) S 09(6)||f||L2()€T)

Therefore,
1O 1 () < lim inf UM ey < COGNFll Lagicr)-

It means that ||U5||§Im,1(,CT) — 0 as 0 — 0. The theorem is proved.

3. The regularity of the generalized solution. In this section, we discuss the
regularity of the generalized solution u of problem (1.2)—(1.4). Firstly, we give a needed
auxiliary lemma, which deal with the regularity the solution with respect to time variable.
It is proved by repeating almost word for word in the proof of Theorem 3.1 of [6].

Lemma 3.1. Let h € N*, and we assume that

(i) sup {|apge| 14,5 =1,...,n;(z,t) € Kp,k <h+1} <p,
(i) fix € Lo(Kr), k<h; fu(z,00=0, 0<k<h-—1
Then the generalized solution u € I;f”:’l(ICT) of problem (1.2)—(1.4) has derivatives with
respect to t up to order h with uy € H™Y(K7),k =0,...,h, and
h

[ 3pmoa ey < CZ 11517 ke (3.1)
=0

where C' is a constant independent of u and f.

Next, we will show the global regularity of the solution. To do this, we introduce
operator pencils generated by the Dirichlet problem for elliptic equation in cone K. Let
Mj, be an edge of the cone K, and let I';,I';_ be the faces adjacent to M. Then by Dy,
we denote the dihedron which is bounded by the half-planes I'y | tangent to I'y, at M.
Let 7, be polar coordinates in the plane perpendicular to M} such that

b, ={zeR®:r>0,¢p==20,/2}.
Fix t € [0,T], we define the operator A (), t) as follows:
A\ U = r2m=ALY(0,t, D) (rU),

where L°(0,t,D) = > DP(ayy(0,t)D9), u(z) = r*U(p), A € C. The operator
Ipl=lgl=m

Ag(A,t) realizes a continuous mapping from W2™(I,) N Wi (1) into Lo(I;) for every

A € C, where Ij; denotes the interval (—0x/2,0)/2). A complex number ) is called an

eigenvalue of the pencil Ay (), ) if there exists a nonzero function U € W™ (I,) N W3 (Iy,)

such that Ax(Ao,t)U = 0. We denote by 6f)(t) and 6% (t) the greatest positive real
numbers such that the strip

m—1-6%(t) <Red <m—1+6" (1)
is free of eigenvalues of the pencil Ag(\,t). Furthemore, we define

6 — inf S.(t
+ tel[I&T] +(1)

fork=1,...,d.
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We introduce spherical coordinates p = |z|,w = x/|z| in K and define
UAHU = p*™ L0, ¢, D) (p*U),
where u(x) = p*U(w). The operator (), t) realizes a continuous mapping
WE™(Q) N W (@) — La(®).

An eigenvalue of 4(A, ) is a complex number g such that (Ao, )U = 0 for some nonzero
function U € W3™(2) N W3 ().

Let [ be a nonnegative integer, 5 € R, 6 = (01,---,d4) € RL Furthermore, let S =
{0} UM; U--- UM,y be the set of the singular boundary points. Then VA[;(IC) is defined

as the closure of the set C§°(K \ S) with respect to the norm

2(B—1+|al) d Tk 2(8—1l+]a) o 12 %
vy o0 = ([ 320 I1(%) Oguldr)” < too,  (32)
k=1

i lal<t

where p = |z| is the distance of the point « from the origin 0, while 7 denotes the distance
of the point x from the edge Mj. The closure of the set C§°(K) with respect to the norm
(3.2) is denoted by Vj 5(K).

Obviously, from (3.2) we have the following imbedding

Vﬁlhé(lc) - Vﬁlf:i,éfl(’c) C--C Vg 5(K).
We consider the Dirichlet problem for elliptic equations

Lu=F on K,

k 3.3
%on, j=1,-,d. (3.3)

For the following lemma on the regularity of the solutions to elliptic boundary value
problems in domains of polyhedral type, we refer to Corollary 4.1.10 and Theorem 4.1.11
of [22].

Lemma 3.2. Let u € Vé)(;(IC) be a solution of the problem (3.3), where

FeVi2™(K)nVLZ2m(K), 1=m, I'>m.

Suppose that the closed strip between the lines ReA = l—ﬁ—g and Re\ = l’—ﬂ’—g is free

of eigenvalues of the pencil U and that the components of 6 and &' satisfy the inequalities
6 < —1+m<s®, o <o 1 +m <o,

Then u € Véi75,(lC) and

2 2
Vi 5(K) < C”F”Vgﬁ}

||U|| ?m()(:)’

where C' is a constant independent of u and F'.
From Lemma 3.1.3 and Lemma 3.1.6 in [22], for 38,0 € [-m,m], k = 1,2,...d, we
have following imbeddings

H™(K) € Vi(K) € Vgs(K), Vi) € V2 _5(K),
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and

Vas(K) € Vo™ (K),

where Vg " (K) is the dual space of Vi’ (K).

We denote by Hg?(’;h(lCT) the weighted Sobolev space of functions u defined in Krp
with the norm

h
- / (3 o mﬂaDH (Z)" O3 + 3 ) dadt

la|]<m Jj=1

(6 —m+lal)

Theorem 3.3. Let [, h be nonnegative integers, | = 2m, and € R, = (61,...,04) €
RY, 3,6 € [-m,m], k=1,2,---,d. Assume that the following conditions are satisfied

(i) fo € Lo(Kr) N VI3 (Kr), k=0,1,--- ,h+1,
(ii) fo(2,0)=0, k=0,1,--- ,h—1.
Additionally, suppose that the closed strip between the lines ReA = m — 3/2 and Re\ =
[ — B —3/2 does not contain eigenvalues of the operator pencils LU(\,t),t € [0,T], and
5 <o —l4+m<s® k=1,....d

Let w € H™(Kr) be the generalized solution of problem (1.2)-(1.4). Then ugx €
VlO(ICT) =0,1,---,h, and

h+1

Z luerllyeo ey < CZ 1 fellvz-2m ey + Z 1ol o i) (3-4)

where C' is a constant independent of u and f.

PRrROOF. The first, we prove theorem in the case of [ = 2m and for arbitrary h € N.
Since VB%(K) C Voo (K) and L2 (K) C Vi o"(K), B, 6k € [-m,m], k =1,...,d, we get from
(i) that

fe € Vo (K)NVEs(K), k=0,1,-- h+1. (3.5)
Using the hypothesis (i), we have fy. € Lo(Kp), k=0,1,--- Jh+1. Thus, by Lemma 3.1,
we obtain u € H™(K) C Vg'§(K), k=0,---,h + 1. Furthermore, Vg(K) C Vj 5(K) for
B0k € [-m,m],k=1,---,dso

i € V5(K) = Vig" () N VE5(K). (3.6)

We have from (3.5) and (3.6) that f —u; € V§5(K),a.e. t € [0,T]. Applying Lemma 3.2
for following problem

Lu=(-1)"(f—u) in K, (3.7
oFu .
er_oa .]_17"'7d7 (38)

(in the case of Il = m, 8 =0, 8, = 0,1 = 2m, B/ = 3, § = §), we obtain u(t) €
Vi3 (K), ae. t €0,T], and

lu@®llvzmoc) < CIF = utllve o0y < Clifllvg i) + Clluellvg -
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Integrating with respect to ¢ from 0 to T and using Lemma 3.1, we obtain

el zogeny < C(I1Flvg 0er + luellmngen ) <
< C(IFlvg, e0) + W lzater + 1fellzapen) )

where C'is a constant indefendent of f and u. Thus the assertions of the theorem hold for
h =0 (in the case | = 2m). Now, assume inductive they are true for h — 1. Differentiating
both sides of (3.7) and (3.8) h times with respect to ¢, we have

—~ h—1
Luth =F = (—l)m(fth + Ugh+1 + Z (Z)Lth,kutk) =0 in ’C,
k=0

akuth
ovk Ir;

:(L j:: L"'ada k::OW"anl_'L

m
where Lin—x = Y DP(apgen—+D?). Set U = uzn, we get

[pl.lq|=0
Li=F in K, (3.9)
R
— = i=1.--- . d k=0.--- —1. 1
ayk F] 07 j b ) ) 07 7m (3 0)

From the inductive assumptions, we see that

h—1 h-1
(") Lon—wugn <CY unllvemey <
k=0 Ve s(Kr) k=0

h—1 h
< C( Y Wurllvg iy + 22 I lraen) )
k=0 k=0

and upi € H™(K) C Vé{a(lC). This together the hypothesis (i) imply that F €
I/[?’(;(IC)7 a.e. t € [0,T]. Therefore F € Ly(K). Thus, we can use the same arguments
as above to get from (3.9), (3.10) that & = u; € V;y?’O(ICT) and

h h+1
e ey < (3 Werllveoemy + 3 Makllaacen) )
k=0 k=0

The assertions of theorem hold for the case of [ = 2m and h € N.
Next, we proof the theorem by induction on [ for any h. Suppose that the theorem is
true [ — 1, for any h. We have

Lu=(-1)"(f —u) =: F,

ok 3.11
Sl =0 G=led k=00 m- L (3.1)

From hypothesis f € Véfm (K), and by inductive assertions u; € Vé;sl (K) c Vﬁl;;zm (K).
According to Lemma 3.2, we obtain u € Vé76(IC). Differentiating both sides of (3.11) with
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respect to ¢, we get

Lut = (—l)m (ft — Ut — Ltu) =: Fl,
6kut

W :0, j:17"',d, k:(),,m—l

L

By the same arguments as above, we have u; € Véya(lC). Continuing above process,
differentiating both sides of (3.11) 4 times with respect to ¢, we get

Luti == E
akuti
=0, j=1,---,d, k=0,--- —1.
aljk F] ) j ) ) ) ) 7m
i—1
where F; := (—-1)™ (fti — Ugit1 — Y, (Z)Lti—kutk)7 i < h. Notice that
k=0

i €VIZMK),  upn € VISHK) € VEZ(K),

and
Ly—vup € Vi37™(K), k<i—1.

Therefore, F; € Vé;ﬁm (K). Applying Lemma 3.2 again, we obtain u; € Véig (Kr) and
i+1

Z ”ut"'||V,§j§(lCT) < (Z || fer ”Vé}zm(KT) + Z ||ftk||L2(KT)>’

The proof is completed.
Remark: Let r = 1I<nkir<1d ri. Then there exist positive constants C7, Cy independent

of x such that

k(@)
C’lp(x)H i
i1 @)

d
<r < Cyp(x) H Tk((;)), forall zek.
p k=1

p

Thus, the norm in Vﬁl (K) = Vﬁl) 5(K) equivalent following norm

1

||y = p2B=ttlel Doy da 5.
VA(K)
la|<l)

From Theorem 3.3, we get the following theorem.
Theorem 3.4. Let I, h be nonnegative integers, Il > 2m, 8 € R, 8 € [-m,m]. Assume
that the following conditions are satisfied

1) fo € Vy ™ Kp), k=0, h+1,
2) fu(z,0)=0, k<h.

Additionally, suppose that the closed strip between the lines ReA = m — 3/2 and Re\ =
I — B —3/2 does not contain eigenvalues of the operator pencils U(\,t),t € [0,T], and

—" < B—l+m <™.
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Let w € H™Y(Kr) be the generalized solution of problem (1.2)-(1.4). Then uu €
Vy'(Kr), k=0, h and

h+1

h h
Z [[wer ”V[ﬁ’o()CT) < CZ ”ft’“”\/g*m()CT) + Z ||ftk||L2()CT)‘ (3.12)
k=0 k=0 k=0

In the case m = 1, we have similar results for problem (1.2)—(1.4) in a polyhedral
domain, which is proven in [21].

4. An example. To illustrate the Theorem 3.3, in this section we consider as example
the case of operator L = A. For the following information concerning the eigenvalues of
pencils Ag(A,t) and Y(A, ) introduced in the previous section, we refer to [18, Chapter 2].
The eigenvalue of the operator pencil Ag()) are

Aj =m0k, =142,

(see [18, section 2.1.1]). We see that 55:@) =% = /0 are the greatest positive real
numbers such that the strip
—7T/9k < Rel < 7T/91C

is free of eigenvalues of the pencils Ay ().

Let A be the eigenvalues of the Laplace—Beltrami operator —§ (with the Dirichlet
condition) on the subdomain 2 of the unit sphere (2 is defined in the previous section).
Then the eigenvalues of the pencils ${(A) are given by

1 N
Ay = —§:t\/)\+1/4.

It is well-known that the spectrum —§ is a countable set of positive eigenvalues (see
[18, section 2.2.1]). Hence, the interval [—1, 0] is free of eigenvalues of the pencils L[(\). We
denote the smallest positive eigenvalue of the {(X) by A*. Then the interval [-1— A}, AT]
does not contain eigenvalues of the pencils ${(\). Now, the conditions about the eigenvalues
of pencils A;(A) and 4U(N) in Theorem 3.3 can be written down simply as follows

~1—AT<m-3/2, 1-B-3/2<At,

and
|0k +1—m| <m/0k, k=1,...,d.
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