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We study the asymptotic behavior of solutions of nonlinear fractional evolution equations
in Banach spaces. Asymptotically almost periodic solutions on half line are obtained by
establishing a sharp estimate on the resolvent operator family of evolution equations. In
particular, when the semigroup generated by A is exponentially stable then the conditions
of the existence asymptotically almost periodic solutions is satisfied. An application to a
fractional partial differential equation with initial boundary condition is also considered.
Keywords: fractional evolution equations, almost periodic solutions, resolvent operator fa-
mily.

1. Introduction. We consider nonlinear fractional evolution equations of the form
Dgu(t) = Au(t) + f(t,u(t)), t>0, u(0)=2z 0<a<l, (1.1)

where the (unbounded) linear operator A generates a strongly continuous semigroup on
a Banach space X, f: RT x X — X, D2u(t) stands for the derivative of the function
u in the sense of Caputo. Unlike ordinary differential equations, fractional differential
equations generally do not have periodic solutions (see [1]). For the above reason, some
authors have studied the problem of the existence of almost periodic solutions of fractional
differential equations (see [2, 3]).

The existence of asymptotic almost periodic solutions to equations on the half line
is an interesting topic in the qualitative theory of differential equations. We refer the
reader to the monographs [4] and the papers [5, 6] for a more complete account of the
methods as well as results concerning this topic in the last decades. The reader is referred
to [7-10] and the references therein for more information. Almost periodic solutions,
asymptotically periodic solutions and other types of behavior of solutions to fractional
differential equations have been studied in many papers (see, e. g., [11-14] and references
therein). In papers [11-13], the authors have investigated Equation (1.1) with 1 < a < 2,
so, the operator of mild solutions is simpler than that in the case 0 < a < 1. In fact, in
Laplace transform of equation in this case, the factor A*~! is analytic in A\, 1 < . In
[14] the author considers the fractional integro-differential equations with the fractional
derivative is understood in Weyl’s sense in the following form

D u(t) = Au(t) + /t a(t — s)Au(s)ds + f(t,u(t), teR, O<a<2 (12

— 00
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He proved that if f is almost periodic and satisfies some Lipschitz type conditions, then
there exists a unique almost periodic mild solution of (1.2) given by

ut) = [ Salt = )1 uls))is,

where S, (t) is the a-resolvent family generated by A. In [15], the authors consider the
semilinear fractional differential equation

D u(t) + pDlu(t) = Au(t) + D& f(t,ut)), t>0, 0<a<B<1, pu>0,

where A is an w-sectorial operator of angle f7/2 with w < 0. Under some conditions on
f they obtained the asymptotic behavior of bounded solutions. However, when the input
data is not fractional derivative of function f, the problem has not been studied yet.
Hence, motivated by this open question we are going to study the asymptotic behavior
of bounded solutions of problem (1.1). To this end, we will need to prove some estimates
on a-resolvent family generated by A in Section 3. The main results of this paper are
Theorems 3.6, 4.3 that appear to be new to our best knowledge.

2. Preliminaries. 2.1. Almost periodic functions. A subset £ C R is said to be
relatively dense if there exists a number [ > 0 (inclusion length) such that every interval
[a,a + 1] contains at least one point of E. Let f be a continuous function on R taking
values in a complex Banach space X. f is said to be almost periodic in the sense of Bohr
if to every € > 0 there corresponds a relatively dense set T'(e, f) (of e-periods) such that

sup ||[f(t+7)— fF@O)|l <€, VT €T(e, f).
teR

If f is almost periodic function, then (Approximation Theorem [16, Chap. 2]) it can be
approximated uniformly on R by a sequence of trigonometric polynomials, i. e., a sequence
of functions in ¢ € R of the form

(n)
P,(t) := Z an,kei’\”v’“t, n=12,...; Mr€R, a,r€X teR
k=1

Of course, every function which can be approximated by a sequence of trigonometric
polynomials is almost periodic. Specifically, the exponents of the trigonometric polyno-
mials (i. e, the reals A,  in (2.1) below) can be chosen from the set of all reals A (Fourier
exponents) such that the following integrals (Fourier coefficients)

I :
a(\, f) = Tlgréo 5T Tf(t)e*’)‘tdt

are different from 0. As is known, there are at most countably such reals A, the set of
which will be denoted by o3(f) and called Bohr spectrum of f.

We denote by
AP(X) :={f € BUC(R,X): f is almost periodic}

end define
AP(RY, %) := {flg+, f € AP(X)}.
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From the definition of almost periodicity it is easy to prove that

sup|[|f(#)[| = sup [[f(2)] for all f € AP(X).
teR teRT

Therefore, the operator of restriction of a function from AP(X) to the half line RT is
actually an invertible isometry from AP(X) onto AP(R™, X). Later on we will sometimes
identify the function f € AP(X) with its restriction to the half line RT. Now, let us
denote by

Co(X) = {f € BUCR" . X): lim_||f(1)] =0},

and define the space of asymptotically almost periodic functions
AAPRT, X) := AP(R", X) @ Co(X).

2.2. Fractional differentiation in Caputo’s sense. Below we denote
tafl

—, t>0 > 0.
F(a)’ ) «

ga(t) =

Let 0 < a,t > a, and a is a fixed number. Then, the fractional operator

t

Jou(t) = (go * u)(t) = / Gt — 7)[(7)dr (2.1)

a

is called fractional Riemann — Liouville integral of order a.
The Caputo fractional derivative of u of order « is defined by

e (m 1 Eou™M(r)
Jr—eyl )(t)_f‘(n—a)/a (t_T)a+1—7LdT’ n—1l<a<neN,

u(™ (), a=necN

Dgu(t) :=

When 0 < a < 1, we have J*D2u(t) = u(t) — u(a), and
Dau() = X* = X*~"u(a),

where @L(A) is Laplace transform of D&u.

3. Cauchy Problem for linear case. Consider the problem
Dgu(t) = Au(t) + f(t), w(0)==z, O0<a<l, (3.1)

where f € BC(R+,X), A: D(A) C X — X is a closed linear operator that generates a
Co-semigroup in X. By using the Laplace transform, we have

a(A) = SaNz+ (() 1PN - FON). (3.2)

where ()7*1\]3,1(/\) = (A*—4)71, 8, (A) = A*>1(A\* — A)~. The inversion of the Laplace
transform shows that u(¢) has the following form

u(t) = Sq(t)x + /0 (t —8)* 1P, (t — 8)f(s)ds.
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Hence, mild solutions of (3.1) are defined as functions u : R — X satisfy

u(t) = Su(t)e +/0 (t— )" LPu(t — 5)f(s)ds, t > 0. (3.3)

By the subordination principle (see [17]), S, and P,, « € (0,1], exist if A generates
a Co-semigroup {T'(¢) }+>0. The explicit formulas of S, and P, were given in [18, 19]:

Sal(t) = /O " oo (s)T(t8)ds,
Pu(t) = a /0 " o (s)T(18)ds,

where ®,, is a probability density function defined on (0,00), that is, ®,(t) > 0 and
Jy° @a(t)dt = 1. Moreover, ®,, has the expression

q)a(e) — 197171/04,(/)0((971/117

_1 s jn-1g-an- Tlna+1) .
Vo (0 752_: 0~ Tsm(mra), 6 € (0,00).

We recall the definition and properties of Mittag — Leffler functions. The Mittag — Leffler
function E, g is defined as follows

o0 Zn
Ea,ﬁ(z)*;m, a,f>0, zeC.

Lemma 3.1. These Mittag — Leffler functions have following properties for
€(0,1), t e R:

(i) Ea1(t), Ea,a(t) > 0;
(i) (Ba,1)'(t) = 5 Baa(t);
(111) hm E,q1(t) = t_l>ir_noo E,o(t) =0.

PRrROOF. The assertions (i) and (iii) are implied from [20, Lemmas 2.1 and 2.2]. It
follows from the definition of Mittag — Leffler function that

= ptnt 1 — tm 1
== =—Fyalt), teR.
EZ: an+ anzz:o n+ a ()

Therefore the assertion (ii) hold.

Definition 3.2 [21]. A strongly measurable family of operators

{T(t) }+>0 C L(X)

is called uniformly integrable (or strongly integrable) if

/OOO 1T ()|t < o.
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In this paper, for any uniformly integrable family of such operators

{T(®)}i>0 C L(X),

we will use the notation ||| := [;°||T(¢)||dt. In order to study the asymptotic almost
periodic solutions to problem (1.1), we need the following assumption.

(A) The operator A generates a Cy-semigroup {T'(t)}1>0 which is uniformly inte-
grable and tlgrolo 1So(®)|| = 0.

Remark 3.3. Assume that the semigroup {7'(¢) }+>0 generated by A is exponentially
stable, i.e., there are positive numbers a, M such that

IT(t)]| < Me™®, ¢>0.

By the fact that (see [22])

/ B (6)e b = Fos(—2),
0

/ b, (0)e 0 d = Eo o(—2),
0

we have

oo

IS < [ " B, (0)IT (01" 0 < | a0 00 = B (=),

and
1P ()| < a/ 0D, (0)||T(0t%)]|do < Ma/ 0<I>a(0)e*‘”a9d0 = ME, o(—at®).
0 0

From the estimates above, we obtain
1Sa (@], [ Pa(®)]l =0, t— oo,

and

[ (t— )| Pt — 5)|lds < M[ (t = )% Boo(—alt — 5)*)ds <

a

< %Ea’l(—a(t —5)%)

—00

Lemma 3.4. Let f € AP(X), and set

w(t) = / (t — 5)* 1P, (t — 5)f(s)ds.

— 00
Then w belongs to AP(X).

PrROOF. If f € AP(X), then for each € > 0 there exists a relatively dense set T'(e, f)
such that

s [fE+7) — fOll <€ vreT(ef)
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For each 7 € T'(e, f), we have

sup [lw(t +7) —w(t)|| = sup || / (t = )" Pa(t = 8)[f(s +7) = f(s)]ds| <
teR teR —00

< e/ (t— )| Pt — 5)|lds < e/ (t—s)a_la/ooo 00,(0)|| T((t — 5)°0)||d0ds <

<c [ wa@a [ T)ds = dT].
0 0

and therefore, w is almost periodic.
The essential tool in the establishing of our results is given in the following lemma.

Lemma 3.5. Let f € AAP(RT,X), and Ff is defined by

(F)(t) = / (t = $)° 1 Pyt — 5)f(s)ds.

Then Ff belongs to AAP(R™, X).
ProOOF. If f € AAP(RT,X), f = g+ h, where g € AP(X) and h € Cy(X), then we
have that (F'f)(t) = Gf(t) + Hf(t), where

(G)(t) = / (t— )7 Pu(t — s)a(s)ds.

— 00

0

(Hf)(t) = /0 (t— s)aflPa(t —s)f(s)ds — / (t— s)aflPa(t — s)g(s)ds.

— 00

By Lemma 3.4 Gf € AP(X). Next, we will prove Hf € Cy(X). From h € Cp(X),
for each € > 0 there exists a number T' > 0 such that ||h(s)|| < €,¥s > T. Then for all
t > 2T, we have

t/2 t
ICHB < ||h||/0 (t—s) ||Pa(t—5)||d5+€/t/2(t—5) [ Pa(t = )|l ds+
0 e
+ gl [m(t— $)* | Pa(t = s)llds < (llgll + IIhII)/W2 s Pa(s)ds + €| T

Note that -
/O 51| Pa(s)|lds < || < oo,

So (Hf)(t) = 0, as t — co. Hence, F'f € AAP(RT, X).
As an immediate consequence of Lemma 3.5, we obtain the following theorem.

Theorem 3.6. Let (A) hold. Then, for each f € AAP(RT, X) all mild solutions u
of (3.1) are in AAP(RT, X).

4. Asymptotic behavior of mild solution for semilinear problem. In what
follows we study existence asymptotically almost periodic mild solutions of problem (3.1).
We denote by M(RT x X, X) the set of all functions f : RT x X — X such that
f(,,x) € AAP(RT, X) uniformly for each # € K, where K is any bounded subset of X.
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Let f € M(RT x X, X), the Nemyskii superposition operator is defined as follows

N(p)() == f(e()
for o € AAP(RT, X).

Theorem 4.1 [15]. Given f € M(RT x X, X), suppose that there exists a constant
L > 0 such that

1f(t,2) = f(t,y)|l < Lllz - yll,
for allt e RY,z,y € X, and let p € AAP(RT, X). Then N(p) € AAP(R", X).

Motivated by formula (3.3), we have the following definition of mild solutions for
semilinear problem.

Definition 4.2. A function u : Rt — X is said to be a mild solution of problem
(1.1) if it satisfies the integral equation

u(t) = Sa(t)z +/O (t—s)* ' Py(t — s)f(s,u(s))ds, t>0, z€X. (4.1)

Theorem 4.3. Let Assumption (A) be made, and let f: RT™ x X — X be a function
in M(RT x X, X). Assume further that there exists a bounded integrable function L :
RT — R satisfying

1f(t,x) = f(ty)ll < L)l — yll,
for allt € RY z,y € X. Then all mild solution u of (1.1) are asymptotic almost periodic
whenever L := sup; || L(t)]| < |T]~*.

PROOF. We define the operator F on the space AAP(RT, X) by

F(u)(t) = So(t)z + /0 (t —8)* 1Pyt — 8) f(s,u(s))ds := So(t)x + Fu(t).

Note that, by the assumption (A), we have tlim ISa(t)x|| = 0. It implies that
—oo

Sa(t)x € Co(X). It follows from Theorem 4.1 that the functions s — f(s,u(s)) is in
AAP(R', X); then according to Lemma 3.5, F € AAP(R™, X). Hence, F is well defined
on AAP(RT, X). Then u is an asymptotically almost periodic mild solution of problem
(1.1) iff it is a fixed point of operator F. Let u,v be in AAP(R*, X). We have following
estimate

[1E(u)(t) = Fo)@ < flu—wvl| /0 (t =) [ Palt = s)l|IL(s)ds < L|T[]|u—v].

This proves that F' is a contraction, so by Banach fixed point theorem there exists a
unique v € AAP(RT, X). The proof is completed.

Let Q be a bounded domain in R™ with sufficiently smooth boundary 9). We consider
the following problem:

Dgu(t,z) = Au(t,z) + f(t,u(t,z)), u(0,2)=p(x), x € Q. (4.2)

Let X = L?(Q), A = A with D(A) = H?(Q) N HE (). Then problems (4.2) is in the form
of the abstract model (1.1).
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It is known that A generates a compact (and hence equicontinuous) semigroup 7'(-),
which is exponentially stable, i.e. | T(¢)|| < e~**, with A; > 0 being the first eigenvalue of
A (see, e. g., [23]). Therefore, the assumption (A) is satisfied. As a result of Theorem 4.3,
we obtain the following theorem.

Theorem 4.4. Let f : Rt x X — X be a function on M(RT x X, X) and assume
that there exists a bounded integrable function L : RT — RT satisfying

1t 2) = f(& )l < L2 = yll,

for allt € R, z,y € X. Then all mild solution u of (4.2) are asymptotic almost periodic
whenever L := sup;>q ||L(t)|| < A1

The authors wish to thank VNU University of Education for support.

References

1. Fetkan M. Note on Periodic and Asymptotically Periodic Solutions of Fractional Differ-
ential FEquations. In: Dutta H., Peters J., (ed.) Applied Mathematical Analysis: Theory, Meth-
ods, and Applications. Studies in Systems, Decision and Control, vol.177. Cham, Springer (2020).
https://doi.org/10.1007/978-3-319-99918-0 6

2. Xiao Ma, Xiao-Bao Shu, Jianzhong Mao. Existence of almost periodic solutions for fractional
impulsive neutral stochastic differential equations with infinite delay. Stochastics and Dynamics 20 (01),
2050003 (2020). https://doi.org/10.1142/S0219493720500033

3. Stamov G. Tr., Stamova I. M. Almost periodic solutions for impulsive fractional differential equa-
tions. Dynamical Systems 29 (1), 119-132 (2014). https://doi.org/10.1080/14689367.2013.854737

4. Hino Y., Naito T., Nguyen V.M., Shin J.S. Almost periodic solutions of differential equations
in Banach spaces. In: Stability and Control: Theory, Methods and Applications, vol. 15. London, Taylor
& Francis (2002).

5. Arendt W., Batty C.J.K. Asymptotically almost periodic solutions of inhomoge-
neous Cauchy problems on the half-line. Bull. London Math. Soc. 31 (3), 291-304 (1999).
https://doi.org/10.1112/S0024609398005657

6. Arendt W., Priiss J. Vector-valued Tauberian theorems and asymptotic behavior of linear
Volterra equations. SIAM J. Math. Anal. 23 (2), 412-448 (1992). https://doi.org/10.1137,/0523021

7. Batty C.J.K., Hutter W., Rébiger F. Almost periodicity of mild solutions of
inhomogeneous periodic Cauchy problems. J. Differential FEquations 156, 309-327 (1999).
https://doi.org/10.1006/jdeq.1998.3610

8. Cheban D. Asymptotically almost periodic solutions of differential equations. New York, Hindawi
Publ. Corp. (2009).

9. Fink A. M. Almost Periodic Differential Equations. In: Lecture Notes in Math., vol. 377. Berlin,
New York, Springer (1974).

10. Luong V. T., Minh N.V. Almost periodic solutions of periodic linear partial functional differ-
ential equations. Funkcialaj Ekvacioj 62 (2), 209-226 (2020). https://doi.org/10.1619/fesi.62.209

11. Araya D., Lizama C. Almost automorphic mild solutions to fractional differential equations.
Nonlinear Anal. 69 (11), 3692-3705 (2008). https://doi.org/10.1016/j.na.2007.10.004

12. Agarwal R.P., de Andrade B., Cuevas C. On Type of Periodicity and Ergodicity to a Class
of Fractional Order Differential Equations. Advances in Difference Equations 2010, 179750 (2010).
https://doi.org/10.1155/2010/179750

13. Cuesta E. Asymptotic behaviour of the solutions of fractional integro-differential equations and
some time discretizations. Discrete and Continuous Dynamical Systems (Supplement), 277-285 (2007).
https://doi.org/10.3934 /proc.2007.2007.277

14. Ponce R. Bounded mild solutions to fractional integro differential equations in Banach spaces.
Semigroup Forum 87 (2), 377-392 (2013). https://doi.org/10.1007/s00233-013-9474-y

15. Keyantuo V., Lizama C., Warma M. Asymptotic behavior of fractional order semilinear evolu-
tion equations. Differential Integral Equations 26 (7/8), 757-780 (2013).

16. Levitan B. M., Zhikov V. V. Almost Periodic Functions and Differential Equations. Cambridge,
Cambridge Univ. Press (1982). [Russ. ed.: Pochti periodicheskie funktsii i differentsial’nye uravneniia.
Moscow, Moscow Univ. Press (1978)].

482 Becmwux CII6I'Y. Mamemamuka. Mexanuka. Acmpornomusn. 2021. T.8 (66). Bun. 3



17. Bazhlekova E. Fractional Evolution Equations in Banach Spaces. PhD thesis. Eindhoven (2001).

18. Gu H., Trujillo J. J. Existence of integral solution for evolution equation with Hilfer fractional
derivative. Appl. Math. Comput. 257, 344-354 (2015). https://doi.org/10.1016/j.amc.2014.10.083

19. Zhou Y., Jiao F. Existence of mild solutions for fractional neutral evolution equations. Comp.
Math. Appl. 59 (3), 1063-4475 (2010). https://doi.org/10.1016/j.camwa.2009.06.026

20. Wei Z., Dong W., Che J. Periodic boundary value problems for fractional differential equations
involving a Riemann — Liouville fractional derivative. Nonlinear Analysis: Theory, Methods & Applica-
tions 73 (10), 3232-3238 (2010). https://doi.org/10.1016/j.na.2010.07.003

21. Priiss J. Ewolutionary integral equations and applications. In: Monographs in Mathematics,
vol. 87. Basel, Birkhauser, Verlag (1993).

22. Wang R.-N., Chen D.-H., Xiao T.-J. Abstract fractional Cauchy problems with almost sectorial
operators. Journal of Differential Equations 252 (1), 202-35 (2012). https://doi.org/10.1016/j.jde.2011.
08.048

23. Engel K. J., Nagel R. One-Parameter Semigroups for Linear Evolution Equations. New York,
Springer-Verlag, Inc. (2000).

Received: September 13, 2020
Revised: March 14, 2021
Accepted: March 19, 2021

Authors’ information:

Nguyen Duc Huy — PhD; huynd@vnu.edu.vn
Vu Trong Luong — PhDj; vutrongluong@gmail.com, vutrongluong@vnu.edu.vn

AcUMIITOTHYECKN MOYTHA MEePUOANYECKUE PEIICHUS
JAPOOHBIX IBOJIIOIMOHHBIX YPABHEHUN

/. X. Heyen, T.JI. By

Brernamckuit HanuoHaJIbHEBIN yHEHBepcuTeT, Brernam, Xanoit, Xyaurxysl, ayruasr, 144

st uutupoBauusi: Nguyen Duc Huy, Vu Trong Luong. Asymptotically almost periodic solu-
tions of fractional evolution equations // Bectauk Cankt-Ilerepbypreckoro yausepcurera. Ma-
remarnka. Mexannka. Acrpornomust. 2021. T. 8 (66). Bemr. 3. C. 475-483.
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W3y4gaeTca acHMITOTHYECKOE TOBEJEHNE PENTEHN HEJTUHENHBIX JIPOOHBIX IBOJIIOIHMOHHBIX
ypaBHEHU B 6aHAXOBBIX TPOCTPAHCTBAX. ACUMIITOTHYIECKY TOYTH IEPUOIUIECKIE PEIIEHNS
Ha IOJIYJIMHAM TOJIy4aloTCd IIyTeM yCTaHOBJIEHUs CTPOrOil OLIEHKH ceMeiicTBa pe30JIbBEeHT-
HBIX OIIEPATOPOB IBOJIIOIMOHHBIX YpaBHeHUil. B yacTHOCTH, KOr/ja HoIyrpyna, IOpOoXK IeH-
Hasi A, 9KCIIOHEHINAIBHO YCTONYINBA, BBITIOJTHSIIOTCS YCIOBUSI CYIIECTBOBAHUST aCUMITTOTH-
YeCKU MTOYTH IIEPUOINYIECKUX pelennii. PaccmaTprBaeTcs Takke IPUMEHEHNE 0Ty Y€HHBIX
PEe3y/IbTATOB NP penreHnn APOOHBIX AuddEPEeHITNATBHBIX YPABHEHNN B YACTHBIX IIPOU3-
BOJHBIX C HaYaJIbHBIM I'DAHUYHBIM yCJIOBHEM.

Karoueswie crosa: npobHBIE SBOIIONMOHHBIE YPABHEHUS, TOYTH TEPUOAMIECKUE DEIIEeHNs,

ceMelCTBO PE30JIbBEHTHBIX OIIEpPaTOPOB.
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