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3BecTHBIE JI0KA3ATEIHCTBA OOPATHBIX TEOPEM TEOPUU NIPHUOJINAKEHUS TPUTOHOMETPUIECKH-
MM MHOI'OYJIEHAMHU U IEJIBIMH (DYHKIHMSMHU SKCIIOHEHIIMAJIBHOIO THUIIA OCHOBAHBI HA Wi
C. H. Bepumreiina pa3mokuTh QYHKIUIO B P 0 PYHKIUSIM €€ HAWIYJIIero mpubdJImKe-
Hus. B pabore npejyraraercst HOBBIN CIIOCOD JI0KA3aTEIbCTBA OOPATHBIX TEOPEM. YCTaHABIIN-
BAIOTCA JIOBOJIBHO IIPOCTBIE TOXK/IECTBA, U3 KOTOPBIX CPa3y CJIEAYIOT YIIOMAHYThIe OOpaTHbIE
TEOPEMBI, IPUYEM C YJIYUIIEHHBIMI KOHCTAHTAMHU. DTOT METOJ, MPUMEHUM K TPOU3BOIHBIM
J11060r0 HOPSIKA, He 00s13aTeIHHO IIeJI0r0, a Tak»Ke (C HEKOTOPBIMU M3MEHEHUIMM) K OI(eH-
KaM HEKOTOPBIX JIPYIUX OYHKIIMOHAJIOB Yepe3 Hauilydiine npubsrkenus. B nannoit pabore
paccMaTpUBaeTCs CIIydail mepBoil MPOM3BOAHOM caMoil (DYHKINN U €€ TPUTOHOMETPUIECKU
COIIPAKEHHOMN.

Knaouesvie caosa: oOpaTHBIE TEOPEMBI, CONPsyKeHHasT DYHKITAS.

1. Beegenwue. 1.1. O603nanenusn. B nanpueitmem R, Ry, 7, 7, N — mHOXecTBa
BEIIECTBEHHBIX, HEOTPUIATEIHHBIX BEIIECTBEHHBIX, IIEJIBIX, HEOTPUIIATEIHLHBIX IEJIbIX, Ha-
TYypaJIbHLIX YHCeJ cOOTBeTCcTBenno. Ecnu p € [1,+00), To X, ects npocrpanctso L,(R)

wim npocTpancTso Ly, 27m-nepuopmiaecknx pymrxmuii f ¢ mopmoit || fll, = ([, |f |p)1/p,
rie E = R wm [—7, 7| coorBeTcTBeHHO; X oo €CTh CHAOXKEHHOE PABHOMEPHOH HOPMOI
upocrpancTso UCB(R) paBHOMEPHO HENPEPBIBHBIX OrPaHUYEHHBIX Ha R dyHKIM mim
npocrparcTBo C' HENIPEPBIBHBIX 27-Tiepronieckux dyHKIimil. Ecin u3 konTekcra He cire-

*HccietoBanne BBIIOJIHEHO 3a cueT rpaHTa Poccuiickoro nayunoro donga (npoext Ne18-11-00055).
(© Canxkr-Ilerepbyprekuit rocytapcTBeHHbIi yHuBepcuret, 2021

https://doi.org/10.21638 /spbu01.2021.401 559



JlyeT IIPOTUBHOE, MPOCTPAHCTBA (DYHKIUI MOIYT ObITh KAK BEIIECTBEHHBIME, TaK 1 KOM-
TJIEKCHBIMU. DKBUBAJIEHTHBIE (PYHKIUN OTOXKIECTBIIAIOTCA.

CumBosiom [ obo3Havaercst PyHKINs, TPUTOHOMETPUYIECKH colipsizkeHHas K f. OHa
MOKeT ObITh onpezienena oquoi usz dopmya [1, o. 79; 2, u. 3.11]:

~ 1 [ x—t ~ 1 f@)
= t)ctg = dt, S dt,
fo) =52 [ 10”5 O
- T—i [ ~ .
)= — | F(u)e"™ du
fla) = 2= [ Flw
(mepBble JIBa WHTErpaJia MOHUMAIOTCS B CMBICJE TJIABHOIO 3HAYEHMsI, & TPETUil — B

Ly(R); F obozuauaer nupeobpazosanue Pypne F). Ilepsas dopmyia npumeHuMa B Iie-

puoguueckoM ciydae, sropas — ecin f € Ly(R) npu p < +00, Tperbst — eciau dyHK-
_ @)

mus F(t) = 4= npunagiexur Lp(R) u, B wacraoctn, ecm f € X, npu HEKOTOPOM

p € [2,+00]. B nepeuncieHHbIX CIydasx pe3yJbTaT MOXKET OTJIAYATHCS HA TOCTOSHHOE

cmaraemoe. Jlasiee HaM BaykKHa HE caMa CONPsKeHHas (DYHKIUS, a ee IIPOU3BOIHbBIE, U TI0-

TOMY BBIOOD TIOCTOsTHHOM He urpaet posn. Eciau 3amano cemeitcTBO pyHKIMi, TO 3aIUChH

fn O3HauUaeT TO ke, UTO fp.

CumBosiaMu XIS” u )?15” o6o3HauatoTCst MHOXKecTBa QyHKImil f w3 X, Takux uro f
(coorBeTcTBEHHO ~) muddepenrmpyema 7 — 1 pas, fr—1 (f(r’l)) JIOKAJILHO abCOJIIOTHO
HernpepbiBHa, a f() € X, (f(r) € X,). IIpu p < 400 911 KIIacchl cTaHgapTHO 00603HaYa-
I0TCSI W;ST) u ’V\[;ZST).

Hanee, A,(f)p, ecrs mamaydinee npubmmkenne byHKnnn f HeiabMa QYHKIAIME
CTEIleHN He BBIIIe U B IpocTpancTse X, a Ty, f — coorsercTByomas GyHKINA HaMILyd-
mrero npubsuzKenns. B nepnopmaeckom ciydae A, (f) copmamaer ¢ B, (f) ([u] — nenas
YaCTh YUCJIA 1) — HAMJIYYIIIM IPUOJINKEHneM f TPUrOHOMETPHYECKIMU MHOIOWICHAMI
CTeTeHN He BhIme u. HaeKe p y 0603HaUYeHNH HOPMBI, HAUJLY IIIEr0 PUOITMKEHUsT U T. 1.
yKa3bIBaeT Ha IIPOCTPAHCTBO X, U HHOLJIA OILyCKAETCAL.

ITycrs Takxke ey (x) = ™Y,

n 102 nx
b = [ O—%%W@=ggiwadw=%AﬂWﬁ%@ﬁ

2
_n nx

— sypo Deiiepa u unTerpas Peitepa GyHKIMU f COOTBETCTBEHHO.

1.2. 0630p pesyavmamos. OOpaTHBIME TEOPEMAMHU KOHCTPYKTUBHOU TEOPUH
GYHKIMIT HA3BIBAIOT YTBEPXKIEHUS, B KOTOPBIX U3 BO3MOXKHOCTH PUOJU3UTH (DYHKITHIO
¢ TOH M/ UHOHN CKOPOCTBHIO BBIBOJISATCS €e CTPYKTYpHbIe cBoficTBa. B pabore paccmarpu-
BAIOTCA 0OpaTHBIE TEOPEMBI cireyomero suga. Ecau r € N, p € [1,4+00], f € X,

Zk’r‘—lAk(f)p < +OO, (11)
k=1
To f € X,(,T) u
1F O < D 37 ((k+1)" — k) Ar(f)p- (1.2)
k=0
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Ilepsoe yTBep:kienue Takoro tuia ycranosui C. H. Bepamrreiin st mpocrpancrsa C' 1e-
puojmaecknx GyHKIWI [3]; obIuii cryuail 1 paHHIOI UCTOPUIO BOIIpoca ¢M. B [2, m. 6.1.3
u 6.1.6]. Hepasencrso (1.2) MokeT GBITH TaK>Ke 3alUCaHO B Buje [4, Teopema, 2]

170, < D, / Au(f)y du (1.3)

Beuny y6sanus A, (f), oo u unrerpax B (1.3) e mpeBocxomur cyMMeL B (1.2), a mis
2m-nepnouaeckux GyHKIuii copnagaer ¢ Heit. KOHEYHOCTH CyMMBI B HHTEIPAJIa PABHO-
CHJILHBL.

()

W3 roro xe ycaosus (1.1) BoiTekaer Briodenue f € X ' U HEPABEHCTBO

17O, < B, / Au(f)p du (1.4)

Dror pesyabrar s nepuogndecknx dbyHKIui MoxkHO Hafitu B [5] u [2, m. 6.7.2]. s
HENepUoAnIecKuX (PYHKIUH ero MOYKHO BBIBECTU U3 PE3yJIbTaToB B [2, m. 5.9.4].

Konkpernsie orenkn koucrant D, B (1.2) u (1.3) momyunn M. J1. Crepaun [4, 6]:
1 < D, < 3+2v/2; cm. Taxske |7, Teopema 3.6.1]. U3 noxazarenscrsa Teopembl 3.6.2 B [7]
cenyer HepaBeHCTBO (1.4) ¢ KOHCTAHTOM El(?) +24/2) B nepumoMUecKoM ciydae. 371ech
~ v
Ky = % o %

BameTuMm elre, 9TO B HEKOTOPBIX U3 yKAa3aHHBIX HCTOUYHUKOB OIEHKH HOPM IIPOU3BO/I-
ueix || £ u || £ GyxBambHO OTCYTCTBYIOT, OIHAKO OHE CPa3y MOJIYHAIOTCS I3 OIEHOK
MozyJieii HeripepblBHOCTH Wi (f, h) 1 wy. (}T, h) peJiesibHBIM repexojioM pu h — 0. Cran-
JAPTHBIM IIpUeMoM, a nMeHHO 3amenoit dyukmun f #a f—Ty f, 13 (1.2)—(1.4) BBIBOASTCS
OLIEHKY HAMJIYIIIUX MPUOJIUZKEHUA ¢ TeMH Ke KOHCTAHTAME; CM. CJIEJICTBHE U3 TeopeM 1
7 2 HACTOSINEH PabOTHI.

N3BecrHble Jr0Ka3aTeabcTBa HepaBeHCTB (1.2)—(1.4) ocHOBaHBI Ha WCXOJHOW HJee
Bepninreitna paznokuTh GyHKIAO B P 110 MHOTOYJIEHAM €€ HAUJIYYIIEro MpubInzKe-
Hust. VICKITIOUeHne COCTABIISIET CTaThs [§], B KOTOPO# HEKOTOPBIE NPSIMBIE U OOPATHBIE TEO-
PEMBI JIOKA3bIBAJIUCH METOJOM CPABHEHUSI CBEPTOYHBIX OEPATOpoB. B HacTogmeit pabore
[pEJJIAraeTCsd UHOM, TOXKe UCHOJIb3YIOMIUi CBEPTOYHbIE OIIEPATOPDI, CIIOCOD JTOKA3ATE b
CTBa OOpPATHBIX TEOPEM. YCTAHABJUBAIOTCS JOBOJIBHO MPOCTHIE TOXKJECTBA, U3 KOTOPHIX
cpasy CJIEJAYIOT YIOMSIHYTbIE OOPATHBIE TEOPEMbI, IPUYEM C YIIyUIIEHHBIMA KOHCTAHTa-
MHU. DTOT METOJ, MIPUMEHUM K ITPOU3BOJIHBIM JIFOHOTO MOPsJIKa, HE 0OsI3aTeIbHO IeJI0T0.
B nannoit pabore Mbl OrpaHUINMCS CIydaeM 1 = 1, TIOCKOJBbKY KOHCTAHTBI TIPU PA3JIHY-

HBIX 3HAYEHUAX IIapAMETPOB TPEOYIOT OTAEJILHOIO UCCIIeIOBAHMS.
OcuosHolt pesysbrar paborsl (Teopema 3) Takos. Ilycts p € [1,+00], f € X, u

1S Au(f)p du < +00. Torsa HepasencTBa

1l < D / Au(Ppdu, 7'y < Dy / Au(f)p du

BBITIOJTHAIOTCS ¢ KoHCTauTamu Dy < 2.800851,

(2¢+D)7

22~ BTN g 335138
2 x? = (2¢+1)2 ' '

~ 4 122 s
b 9Intg L2x

B npocrpancrse UCB(R) To4uHble KOHCTAHTHI B 060UX HEPABEHCTBAX HE MEHbIIE 2.
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2. ToxxkaecTBa JIJisi TPON3BOHBIX.

JIemma. IlIpu scex r € N, p € [1,+00] npocmparcmea X,(,T) U )Z',(,T) ¢ HOPMAMU

1o+ 10w 1+ 1
NOAHDL.

Kopotrkuii criocod mokasaTenbCTBa BbINIENPUBEIEHHON JIEMMbI CBsI3aH C UCIIOJIb30-
BaHmeM 00001eHHbIX MyHKIMit. MbI ToKaxkeM ee 6oJjiee IIUHHBIM CIIOCOOOM, KOTOPDIH He
OIIMPAETCsT Ha, TEOPUIO0 ODOOIIEHHBIX (DYHKITHIA.

JLOKABATEJIBCTBO. YTBepXKeHUE JJjis TPOCTPAHCTB X;()T) obrenssectro. Jloka-
JKEM €ro I MPOCTPAHCTB )N(Z(,T). HocrarouHo noka3aThb, 9TO ecam f, € )~(;(,T), fn— f
u ﬁ(f) —gB Xp, 10 f € )?Z()T) u f(r) = g. IIpu p € (1,+00) yTBepK/eHUE OUEBUIHO,
[OCKOJIBKY OLIEPATOD CONpszKeHus! HenpepbiBeH. Ilycrs p = 4+o00. Torpa [1, m. 79]

/|fn x2—+1 /|fn x2—+1 f(@)]? dz,

9TO CTPEMHUTCS K HyJIIO BBUJY PaBHOMepHOIl cxomumoctu fp, K f. Ilosromy mHekoTopast
HOTIOCIEOBATEILHOCTD TIOCIEI0BATEILHOCTH [, cTpeMuTcd K f mourn Besje. [pup = 1
Takas MOIOCIE0BATEIBHOCTD TOKE HANRJIETCS, TaK KaK ONEPATODP CONPSYKEHUS UMEET
cnaboiit Tun (1,1) (eMm., manpumep, [9, ri. 2, §2]). Bamumem dopmyay Teiinopa

};’L(f) =P ln / f T) xr__t)l) dt,

rne Pr_1,, — anrebpamvecKnii MHOTOUJIEH cTelleHN MeHbIne 1. Ilepeitna k mpemeny mpn
MOYTHU BCEX T, MOJIYIUM

. x T — r—1
fl@)=P._1(x) —I—/O g(t)% dt

(mo mokasamHHOMY mpejen Pr_p, CyIIeCTByeT, a TOTJa TO TOXKE MHOIOYJIEH CTEHEeHH
Mmenbie r). Takum obpazom, f (") cymecTByer u pasHa g. O

IIycts U — dynkiusa orpannyennoit sapuanuu Ha R, u > 0. [Tomoxum

vl) = 5= [ e ane

s

7 OTIpeJIeSTIM OTepaTop (y , PABEHCTBOM

Qu,uf () = %/Rf (a: - E) AW (t).

MHuozkecTBo Takux yHKIwmit ¢ oboznadaercs B(R). Omeparoper @y, Oymem paccmar-
puBaTh Kak omeparopsl u3 X, B X,. Kax mssectno, ||Qy..| < ”d\Plll rae ||dP|; —
Bapuarus Gyskimyr ¥ (Wi, 9T0 PABHOCHIBHO, MOPOXKIEHHOTO efi 60peJIeBCKOI‘O 3apsi-
na). B npocrpancreax UCB(R) u L1 (R) sTo nepasencTso obpaiaercst B paseHcTBO. [1o
HOBOJTY OTIpeJiesieHnst CBepTKY cM. |9, rur. 2, § 1.
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OTMeTnM OJIMH YaCTHBIN CJIydail: eciu

— E o ei(k+o¢) =

kezZ

Qunf (@ chf<k+a ), ||d\I/||1 Z|

kez kez

TO

B IpenmoozKeHnH CyMMIPYEMOCTH MOILIHTETPAILHON (byHKITHH BBeIeM 0DO3HATe-
_ [ )
mue B, = [ dv.

v2

Teopema 1. IIycmo p € [1,+], f € X,, Pynryua ¢ 3adana na R, wemna, dyrk-
yua v v 2p(v) cymmupyema na Ry, By, # 0, ¥ = ¢ € B(R).
1. Ecau

| 1Quu il <+ 2.1)

mo f € X}()l) U
~ 1 /00
==/ Quufdu. (2.2)
By Jo v

2. IIyemo ewe ¢ =0 na [—1,1]. Ecau
/ Au(f)p du < +o0,
0

mo 6EPHO 3AKAINOHUEHUE NYHKINA 1w

~, \d\I/H1 /
< Ayl

JIOKA3ATEJILCTBO. 1. O603HaunM npasyio dacts (2.2) yepes IIf. Mmeem

Quues(a) =0 (L) e = (1) 0.

u

yl

Wurerpupys 1o v u Jiejiasg 3aMeHy - - = v, HoJydaem

[ ues@ran= [ () avesie) = Bobles o)

Iley, = |yley = eNy'.

OTKY/Ia

Wurerpupyst 1mo y, moiydaeMm paBeHCTBO (2.2) st byHKIMi Buma x — ffn eYdp(y)
(p — byHKIMA OrpaHUYEHHOl BapUaluK) U, B 9aCTHOCTH, [ sapa Deiiepa D,.

Hoxaxewm, aro Io, f = (o, f). Paccyxnenne Gyzem BecTn [Jist TTOUTH BCEX T. 3a-

R R G RN G pr
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CyMMUpPyeMOCTh HOIbIHTErpaIbHOll dyHKIMHU 10 (z,1) 0OYeBUIHA, OTKY/IA UMeeM

Mo f(z / = /R Fa — 2)G (2, u) dz du, (2.3)

Glzu) = /{R ®, <z _ 5) AU (t) = Quun(2).

rie

2T

TTo nokasanuoit dopmyste (2.2) ausa sapa Peitepa momyuaem

oo 1 ~/ B - /
27TB<P~/[Rf(x_Z)/O G(z,u)dudz:%/Rf(x—z)q)n(z)dz_(gnf) (z).

Ocraercst 060CHOBATH EPECTAHOBKY MHTErPAJIOB 10 z U U B (2.3):

/OOO/[Rf(x_Z)G(Z’“) dzd“:/[Rf(’I—Z) /Ooo G(z,u)dudz. (2.4)

ljist 3TOrO BBEJEM MHOXKUTENB cxonumocTh. [lpu Becex o > 0 mo Teopeme Oybuun

[ [re-a0Gadeai= [ a2 [ Geume sttt @)

Heiicrurensro, [p|G(z,u)|dz < [|[d¥]1, a bynkmus z — f(z — 2)g(2), roe [ € X,
g € L1(R), cymmupyema aa R. Jlepast vacTs (2.5) HempepbiBHA MO ¢ B HyJIe BBUJLY YCJIO-
Bust (2.1), HOCKOJIBKY

||Qw uUanp = Haan Uf”p ||Qw uf”p

O6ocuyeM npezesbHblii epexo npu « — 0+ B npasoil gacru (2.5). 3anumem

/ G(z,u)e " du = / (1 - M) eiyZ/ ® (M) e dudy =
0 -n n 0 u
:/ (1—M> |y|eiy2/ —‘”’(;’)e—"‘?‘ y—/ S”(:)Pgég(z)dv,
—n n 0 v 0 v v

rine P; — uarerpad Ilyaccona. Orcrona mosrydaem
o0 o0
u)e_o‘"du—/ G(-,u)d S/ |<’O ) HP&CD’ e
0 0

9TO CTPEMUTCS K HYJIIO 10 Teopeme Jlebera o MarKOpUpOBAHHON CXOAMMOCTH, TIOCKOJIBKY

dv,

1P5 @), — @ |, < 2| @,

ITosromy

/Rf(x—z)/OOOG(z,u TYdudz — fx—z/ G(z,u)dudz.

a—0+

Pagencteo (2.4) nokazano. Ciegoparensto, o, f = (o, f).
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C zpyroii cTOPOHHI,

o, f(z / /[ben(x—z)/n?f<z——> AV (t) dz du =

1 S |
- B_S(,/O %/Rq)”(x —2)Qyuf(z)dzdu =

/[R@n(x _ ) /OOO Quaf(2) dudz = oo T1f (x).

O6a pasza MOPsIOK UHTErPUPOBAHMS MOXKHO IIOMEHSATH 10 Teopeme PyOuHH: cyMMuUpye-
MOCTD TOJIBIHTErPATbHLIX (DyHKIWi 10 (%, 2) oueBmAHa, a N0 (z,u) OobECHevIeHa yCIOBU-
em (2.1).

ITo Tomy xe ycnosuwo (2.1) umeem IIf € X,,. Crenosarensro, Ilo, f — IIf B X,,.

- 2B,

Takum obpasom, (o, f) — IIf B X, n, Kak xopoio ussectHo, o, f — f B X,. Ilo 1emme
6ymer f € X;()l) u f'=TIf.

2. ITockompky ¢ = 0 ma [—1, 1], omepaTop Q. 0OHyISeTCS Ha HEIbIX (DYHKIHIX
CTEIIEHN He BBINIE U, OTKY/a UMEEM

d
1Quafly = 1Quanlf ~ Tu )l < L2 ), (2.6)

Canenosarenbho, ycaosue (2.1) Boimosnreno. OneHka HOpMBI caenyer u3 (2.2) u (2.6). O

Teopema 2. Ilyemo p € [1,+00|, [ € X,, dynryus ¢ 3adana na R, newemna,
ynxuua v = v 2o(v) cymmupyema na Ry, B 0, ¥ =1ip € B(R).
¥ +, Py P

1. Ecau o
| 1@updu <o
mo f € X(l) .
—/ Quy,uf du. (2.7)
2. yemo ewe ¢ =0 wa [—1,1]. Ecau

/ Au(f)p du < o0,

mo 6EPHO 3AKANUEHUE NYHKMA 1u

avl; =
", < I / Ay, du
Hf ||P 27T|BS0| o (f)p

JIOKA3BATEJIBCTBO. O6osnaunm npasyio dactsb (2.7) uepes IIf. Umeem

Quaefa) = (L) eyfo) =i () ey (o) = Gisimnphe (1) ).
|

Wurerpupys 1o v u jiejlasg 3aMeHy .- = v, HoJydaem

/ " Oy (@) du = (isigny) / " ('i') due,(z) = Boiye,(x),

orkyna Ile, = e). Ocrapmasics JacTb TOKa3aTeIbCTBA MTPOBOJUTCS, KAK B JIOKA3ATE b=
CTBe TeopeMbr 1. O
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CaencrBue. B ycarosuaxr meopem 1 u 2 npu awobom N > 0 6ydem

\ v, -
A1y < g (Vann + [ Auppa).

w0 vy -
A7y < S (Nann+ [ Aun,a).

Ilist moKa3aTeabCTBa JOCTATOYHO IPUMEHUTH TeopeMbl K (pyHKimu f — Ty f.

ITycrs 90 — 3aMKHyTOE OJIIPOCTPAHCTBO IPOCTpaHcTBa X, P — mosynopma na O
U BBINOJHEHBI JBa YCJOBUS: 1) HPOCTPAHCTBO MHBAPUAHTHO OTHOCUTEJBLHO CABHTA, T. €.
s mobsix f € M u h € R 6ymer f(-+h) € Mu P(f(-+ h)) = P(f); 2) cymecryer
taxas nocrosmuas B, uro P(f) < B f||, mis seex f € M. OGosuadum uepes M) u

M) MuOKECTBA byukmmit f u3 EmﬂX;()T) (zmm)?;”), mst koropsix f (") (coorBercTBenHO
)Y npunamresxur M.

3ameuanmue. Hepasencrsa B TeopeMax 1 u 2 u B CJICACTBUI OCTAIOTCH BEPHBIMU
st byskmmit u3 M) 1 M) | ecam B 06emx HacTIX HEPABEHCTB HOPMY B X, 3aMeHuThH
Ha ToxyHOpMY P.

st moKasaTeaheTBa HaJlo 3amucaTh ToxaecTsa (2.2) u (2.7) most cpemanx Deitepa,
BHECTH TIOJIyHOPMY TIOZ 3HaK MHTerpaJa (obocHoBaHue 3Toi onepanuu cM. B [7] u [10]) n
HepeiTH K IIpeJiey.

OTmeTnM, 9TO OGPATHBIE TEOPEMBI B MOANPOCTPAHCTBAX mpoctpancTBa C ¢ mOsy-
HOPMaMU yKA3aHHOTO BUJA JOKA3BIBAJIUCE B [7].

3. Yrounenue koHcTanT. Bosnukaer 3a1aua Muanmusaryn seranss | B ||| dW])
no BeeM GYHKIMAM @ n3 ycaosuii TeopeM 1 u 2. Jlanee Mbl OIEHUM KOHCTAHTBI CBEPXY,
BBIOpAB KOHKDPETHbIE (PYHKIINU .

3.1. Ouenxa xorncmarmor Dy ceepxy. s npumepa BO3bMeM B KadecTBe (Qy
oTKJIoOHeHHA oneparopos Basie ITyccena Vj,,, ¢ mapamerpoMm b > 1, TO eCThb 10JIOKHAM

0, y < 1,
ely) =L, 1<y<b,
L y=b.

Borancmmm By

b 00
y—1ldy dy Inb
sz A —_— =

L b—1y2 2 b—1
ToxmecTro (2.2) IpUHAMAET BUL

o b—1 [
P= 1mb/0 (f = Vo) du.

O1eHIM HOPMBI OIIEPATOPOB (Qyp 4y

dzx.

2 /°° | cosz — cos bz]
T Jo

HQ%u” <1+ I(b)7 I(b) - - (b _ 1)$2

B npocrpancreax UCB(R) u L1(R) 910 HepaBeHCTBO 00paIaeTcsi B PABEHCTBO, a BEJIH-
quna I (b) ects HopMa oneparopa Basute Ilyccena.
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Teopema 1 maet orenky

- b—1
o
D1 < IE“;?< nb (HI(b)))

(J1erko BuaeTh, 9T0 MEUHUMYM Jocruraercsd). [lpu b = 2 uarerpas Beraucisgercs asao [11,

. 2, §3]:
1 2v3
I(2) ==+ 2V3 1 435990,
3 s
Bui6op b = 2 maer ouenxy D; < 3.514393. I. WI. Haramcon [12] nomyunn TecHble ABYCTO-

ponnue orenku I(b) U, B 9aCTHOCTH, JOKA3AJ, UTO

YucseHHAsS MUHIMI3AIUS AT Iglilll (5=L(1+ I1(b))) < 3.230531, MummEMyM fOCTHTAETCS
>

npu b = 1.313277... s cpaBHEHHUS PE3yIbTATOB HAIIOMHUM, UTO paHee ObLiIa M3BECTHA

OIIEHKA _
< (3+2V2)K < 6.797366.

VkazkeM BbIOOD DYHKIUU (o, Jarommii MeHbIyio Koucranry. [lycrs £ > 1, o(y) =0
npu |y| < 1, byskuus ¢ deTHa, nMeeT meprof| 2¢ U PACKIAIBIBAETCS B aBCONOTHO CXO-
nsrruiics psaa Pypbe

> k 1 > ikmy
:%—i—;akcos%y:g Z ajge g , é/ cos—dt.

Torna ”d‘l’”l — ‘T Z |ak|. Beumy weTHOCTH M IeproguaHOCTH DYHKIIUHN © UMEEM

_ [T e _E/WM _1/’5 1 _
B“"_/O 12 dt =3 o 12 dt =3 ﬂ(t)ygz(tjtzye)z’dt_

‘ ¢ 2
1 s mt
= /0 o(t) UEEZ CETITE dt = / o(t) W2 cosec? oY dt.

BozbmeM ¢ € (1,£) u dyakuuo

0, 0<y<l,

ply) =4, 1<y<e,
1, c<y</t

Jlist Hee mosrydaeM ag = 2 — <L
20 ckm km
ak:m<COST—COST>, kED\l,
1 sin £
B,=——In—= i .

c—1 sm%
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Borunciienns: 1mojickasbiBatoT, 4To Hawiaydimmnii Beibop maer ¢ = ¢ + 1. Torma ag = 1,
ar = 0 mpu gerHsx k € N,

(—1)24¢ . (e=1D2¢+ D7
= Z
a2¢+1 (C — 1)7’(’2(2(] + 1)2 S11 20 5 qc +>
1 (¢ —-1Dm
B, = Int
O R Y]
OcraHnoBuMCS Ha 3HAYEHUSX € = %, {= %. s aux monmydyaem

22 . (2¢+ ) 9 137
a2g+1 = (=1) g+ 12T 1 0 e T e
[T Z BBy s
27 B, _91ntg%zT 2‘]"'1 ' .

3.2. Ouenxa xoncmarwmwe Dy ceepxy. Ilycts £ > 1, o(y) = 0 mpum |y| < 1
dyHKIUSA © HedeTHA, UMeeT eproJL 44 1 PACKIIAIBIBAETCS B aBCOIOTHO CXOISIIITUICS PsiT
Dypne

> C(E+1/2)7 1 i i(k+1/2)my
y):zkaln%ZZ_Z Z Ck;e ? ,

k=—o00

rme cy =b, mpu k >0, ¢, = —b_;_1 pu k <0,

o (R H1/2)mt
2 [ an G2,

Torna ”d\Plll =312, |bk|. O6osnaumm al™) = |a|" sign a. Beumy cuvmverpnn u meproprd-

HOCTH cbyHKLu/H/I  ToJTyqaeMm
_ [T o) L[ e
BS(,—/O Tra=g | Taa=
=z HS ——dt = Hy —— dt =
2/7%@( )VGZZ(L‘—FZLVE)@) /0 # )I;Z(t—kllué)@)

¢ 1 1
= [ e (o e

ve”Z

BozbmeM ¢ € (1, £) u 3anaanm dysknuo ¢ Ha [0, (] Tak:

0, y<1,
ply) ={sin I, l1<y<e,
1, c<y </
IIpu ¢ = 1.865, ¢ = 3.77 KOMIIbIOTEPHBIE BBIYUACICHUS JTAIOT % < 2.800851. Hamowm-

HUM, YTO paHee ObLIa U3BeCcTHA OleHka D < 3 + 2V/2 < 5.828428.
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3.3. Ouenru koncmanm cru3y. [logyueHre HUYKHIX OIIEHOK KOHCTAHT B 00paT-
HBIX T€OpeMax 3aTPYAHEHO TeM, 9TO HAM OY€Hb PEJIKO M3BECTHO BCE CEMENHCTBO HAWMIIY Y-
X TPUOJNKEHNT KOHKPETHON (DyHKITUH.

Pacemorpum dyarmmm

o0 T oo
= / e ' cosxtdt, g(z) = —— = / e 'sinxtdt.
0 L+a2 o

_ 1
1422

f(x)

OyHKIWMY f U g B3AMMHO COIPSI?)KEHBI C TOYHOCTBIO JI0 3HaKa. Kak jgokasas Bepaireiitn
[13, dopmyma 6bis],

—Uu

Au(Doe = Aul9)0 = -
OTKY/Ia
/000 Au(f)oo du = /000 Au(g)oo du = %
Kpowme Toro, ¢'(z) = %, llg'llc = l¢'(0)] = 1. Orcroma cieayer OneHKA KOHCTAHT

cHU3y uncaoM 2 B oboux HepaseHcTBax (1.3) m (1.4).
O06beMHUM TIOJTy Y€HHBIE PE3YJILTATHI.

Teopema 3. ITycmo p € [1,+0], f € X, u fooo Au(f)p du < +00. Tozda nepasen-
cmea

17l < Dy / Au(f)y du,
||f/||p<51/0 Au(f)pdu

sotnoanaomes ¢ xonemanmamu Dy < 2.800851,
00 . (2¢+D)w
~ 4 <1 22 ‘Sm Beine

1IS— - \ls5+t=5 ), 5
9Intg B \2 72 = (2q +1)?

) < 2.335138.
B npocmparcmse UCB(R) mounvie Koncmanmo: 6 060UT HEPABEHCTNEAT HE MeHbULE 2.
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On the constants in the inverse theorems for the first derivative*

0. L. Vinogradov
St. Petersburg State University, 7-9, Universitetskaya nab., St. Petersburg, 199034, Russian Federation

For citation: Vinogradov O. L. On the constants in the inverse theorems for the first derivative.
Vestnik of Saint Petersburg University. Mathematics. Mechanics. Astronomy, 2021, vol. 8 (66),
issue 4, pp. 559-571. https://doi.org/10.21638 /spbu01.2021.401 (In Russian)

The known proofs of the inverse theorems of the theory of approximation by trigonometric
polynomials and by functions of exponential type are based on the idea of S. N. Bernstein to
expand a function in a series containing its functions of best approximation. In this paper,
a new method to establish the inverse theorems is introduced. We establish simple iden-
tities that immediately imply the inverse theorems mentioned and, moreover, with better
constants. This method can be applied to derivatives of arbitrary order (not necessarily
an integer one) and (with certain modifications) to estimates of some other functionals in
terms of best approximations. In this paper, the case of the first derivative of a function
itself and of its trigonometrically conjugate is considered.

Keywords: inverse theorems, conjugate function.
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