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A. A. Jlopodenxos

Canxr-IleTepOyprckuit rocygapCTBEHHBIN dIeKTpOTeXHUIecKuil yHusepcurer «JIDTU»,
Poccuiickas @enepanust, 197376, Caukr-ITerepbypr, yiu. IIpodeccopa ITonosa, 5

Jns nquruposauusi: /lopodernxos A. A. O6 ycroitumBocTr HyJeBOro pernenus auddepenim-
AJIBHOTO yPABHEHHUsI BTOPOTO MOPsifKa B KpuTmieckoMm ciaydae // Becramk Camkt-IlerepGypr-
ckoro yHuBepcurera. Maremarnka. Mexanuka. Acrponomust. 2021. T. 8 (66). Bem. 4. C. 572-579.
https://doi.org/10.21638 /spbu01.2021.402

Paccmarpusaercst guddepennnaibnoe ypaBHenne Bujga & + r2sgne = Y (t,z, ), npaBas
4YacTh KOTOPOI'O €CTh MaJjioe IIEPUOJUYIECKOE 110 ¢ BO3MYIIEHUE, JJOCTATOYHO TJiajiKast (pyHK-
sl B OKPECTHOCTH HAYaJIa KOOPAWHAT MO MEPEMEHHBIM T,T. Byraem mpeamosararsh, 9ToO
BoaMyIeHne X WMeeT MOPSIO0K MAajOCTH He HUXKEe MSTOTO, eC/IM T MPUINCHIBATH BTOPOI
OPsIJIOK, © — Tperuil. BBomusTes nepuoguyeckue OyHKINHU, sIBJISIONUECS PEIIIEHUEM yPaB-
HEHUsI, YKA3AHHOTO BBIIIE C HYJIEBOM MpaBoil 9acThio. Tak Kak IIaIKOCThb KBAIPATUIHON Ja-
CTH OTPAHUYIEHA, TO TVIAJKOCTh BBEJAEHHBIX (DYHKIMI TakKe orpanndena. C MOMOIIBIO STUX
byHKIMHE OCYIIECTBIISIETCS [IEPEXO0/]] OT [IEPBOHAYAIBLHOIO YPABHEHUsI K CUCTEME B KOODIH-
HaTaX, aHAJJOTUIHBIX MOJISPHBIM. /laHHasS cHCTeMa ¢ MOMOIIBIO MTOJTHHOMHUAIHHON 3aMEHbI
IPUBOJINTCS K CHUCTeMe ¢ KOoHCTaHTamu JIsmyHoBa. KoaddunmeHTs 3aMeHbI HAXOISITCST Me-
TOZOM HeolIpe/leJIeHHbIX KoaddurmenTos. [1o 3HaKy 1epBoil HeHyIeBOIl KOHCTAHTHI JeJIaeT-
CsI BBIBOJI, O XapaKTepe YCTOWIMBOCTH HYJIEBOTO perneHusi. 3-3a OrpaHmYeHHOM 18 IKOCTH
BBEJIEHHBIX (DYHKIIMI CTEITeHb MOJMHOMUAIBLHON 3aMeHbI JOI2KHA ObITh orpanndena. Cucre-
Ma nuddepeHnaIbHbIX yPABHEHUN I HAXOXK AeHUsT KOIMDMUIIMEHTOB 3aMEeHbl PEeIIaeTCst
pekyppenTHo. [l pazperierns npobieM, BOSHIKAKININX U3-38 OIPAHUIEHHON TJIQIKOCTH,
WCIIOSIb3YETCS METOJ BBIJIEJEHUsI TVIABHON YACTH BBEIEHHBIX (DYHKIWMI W MX KOMOWHAITHN
B pe3yJibTaTe pa3JjioKeHuu rnociaeauux B psaabl Pypbe. OcTaTok psifia MPeIoaaraeTces J10-
CTATOYHO MAJIBIM, W IMOKA3BIBAETCsI, YTO €ro HAJMINEM MOXKHO mpeHebpedn. llepexon k
TJIABHBIM 9YaCTSIM BMECTO (DYHKIHI TO3BOJISIET CKOMIIEHCHPOBATH HEJOCTATOK TJIAIKOCTH
BBeJleHHbIX yHKIWmil. [Ipu paccMoTpeHnn Takux CUCTEM MOXKHO CHOBA HCIOJIB30BATH I10-
JIMTHOMUAJIBHYTIO 3aMeHy U HailTu KoHcTaHTy JIsmyHoBa my1s Kaxk a0 ritaBHo# dactu. [loka-
3aHO, YTO 3HAK KOHCTAHTHI JJIsI JTIOOOH TVIABHOI YacTh OYIeT COXPAHSTHCS. Y Ka3bIBAIOTCS
JIOCTATOYHBIE YCJIOBHS YCTONYMBOCTA U HEYCTONYIUBOCTH.

Kmoueswie cro6a: yCTORINBOCTD, MAJIble TIEPUOINIECKIE BO3MYIIEHUST, OCIIUJLISATOP, KOH-
craHTa JIsnyHoBa, nepuonndeckue OyHKIUN.

1. Beegenue. B pa6ore [1] A. M. JIanyHoB uccienoBa Ha yCTORIMBOCTD HYJIEBOE
PEIIeHrEe CHCTEMBI

:t:y7 y: _$2n71+X(xay)7 (1)

rae n > 1, X(x,y) — anamurudeckas (bYHKIUA EPEMEHHBIX T,y B OKPECTHOCTU HAYa-
JIa, KOOPJIMHAT, MPUIeM pa3jioxKeHne X IO CTENEeHSM X,y He COJEPXKHUT WIEHOB MOPSIKA
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MeHbIIle 27, eCJIN TIEPEMEHHO T IPUINCHIBATH MOPSIIOK €JNHAIA, & IEPEMEHHON § — To-
panok n. Hoxxon Jlamynosa 3akiodaercs B cieyiomeM. B cucreme (1) BBoggTCH TIepe-
MeHHbIE T, ¢ corstacHo dopmynam z = rCs(p), y = —r™Sn(p),r > 0, rae (Cs(p), Sn(yp)) —
DEIIIeHIe CHCTEMBI g_z = —y, ;l_y = 2?71 ¢ mavampubivu ganasivu Cs(0) = 1, Sn(0) = 0.
Ipu n = 1 dyuxmuu Cs(y), Sn(p) upespamaiorcs B cos(p), sin(p) coorsercrsenno. Oc-
HOBHOE TPHTOHOMETPHYUECKOE TOXKIECTBO OTBedaeT ToxaecTsy nSn’(p) + Cs*(p) = 1.
O6ozuaunm nepuoy byukuii Cs(p), Sn(y) depes 2w. B nepemennbix 7, ¢ cucrema (1)
uMeeT BUJL

=~ X (rCs(p), =" Sn(p))Sn(p),

X 2
p ="l = X (rCs(g), —r"Sn(¢))Cs ().

Uckimounm u3 cucremsl (2) nepemenuyio t. Ilomayunm ypaBaenue

dar _ Ro(0)r? + R3(o)r® + ...,
de

paBas 9acThb KOTOPOTO IIPEJICTABIIsIET COOO0M CXOMSIIMNACS IPU JIOCTATOYHO MAJIBIX T PSIJL
¢ 2w-ntepuognaecknmu Koaddurmentamu. Tem caMbIM BOIIPOC 00 yCTOMYMBOCTH IIPU aB-
TOHOMHOM BO3MYIIEHUN HEJIMHEHHOTO OCHHUJLIATOPA PEIIaeTCsd AHAJOTUYHO CIYYal0 aB-
TOHOMHOT'O BO3MYIIIEHUs JIMHEHHOI'O OCIIUJIIIATOPA.

Coy4ait mepnoguaecknx Bo3MyIneHnii cucremsr (1) mpu n = 2, T.e. ypasHeHue & +
2 = X(t,r,1), 661 uccneposan 0. H. Bubukoseiv [2]. On mokasan, 9To KTIOUeBYIO
pOJIb B pa3pelnieHny JaHHON TPOOJIeMbl UI'PAET CYIIECTBOBAHUE 3aMEHbI BHUIA

N
p=r+Y_ hi(t,o)r', (3)
=2

rue h;i(t, ) — nepuomuueckue 10 t, @ Gyukuuu, N — jo6oe uuciao. Ecaiu N — nepsoe
9uCsI0, KOrJa KoHcranTa JIsamyHoBa gy # 0, TO 1O ee 3HAKY YCTAHABIMBAETCS XapaKTep
YCTOMYUBOCTH.

Apropom crateu B pabore [3]|, B 9acTHOCTH, U3ydaIach yCTONIMBOCTD MOJIOYKEHUS
paBHOBecus auddepeHnnaIbHOTO YpaBHEHUS BUIA,

&+ 2?sgnx = Y (t,x, 1), (4)

re Y — 10CcTaTOYHO TUIaJiKas 1O T, & HeJuHeiiHocThb. Ee MOpsmgoK MajoCTH He HUKe
HATOTO, eCJIU MOJaraTh, YTO T UMeeT BTOpOil MopsioK, & — Tperuil. IIpeamonaranock
TakKe, 9To GYHKIMA Y HelpepbIBHA U IePHOIIYHA 10 £ ¢ IepHOIOM 27 1 BBITIOIHICTCS
coornommenue Y (t,0,0) = 0. Takum 06pazom, Y MOXKHO IIPEJICTABUTH B BUE

Y (t,z,y) = a1(t)zy + as(t)y® + as(t)2® + as(t) 2’y + as(t)zy*+
+ag(t)a’ + azr(t)y® + as(t)2z’y + Y, (5)

TJIe IOPSAJIOK MAJIOCTH Y * He HUXKe JIECATOr0 B YKA3aHHOM BBIIIE CMBICJIE.
Citestyst onucaHHOMY TOAXO/Ty JISAIyHOBa, BBOISATCS 0DOOOIEHHBIE TOJSPHBIE KOOP-
auHaThl. s 9T0ro B 9KBUBaJIEHTHON ypaBHeHuio (4) cucreme

i=-y, y=a’sgnz+Y(tz,y) (6)
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BBIIIOJIHAJIaCh 3aM€Ha II€pEeMEHHBIX

z=p’C(p), y=-p"S(v), (7)
e 0 < p < p*, (C(p), S(p)) — pelienne cucTeMbl

dx dy 9
— =—y, —= =uz‘sgnr
dy Y dy &

¢ HavasgpHbivu ganabiMa C(0) = 1,5(0) = 0. Ouesngno, uro dyukuun C(p), S(p) —
[EPUOAMYIECKIE, IOPSI0K UX TJIAIKOCTU PABEH 3 U 2 COOTBETCTBEHHO (B oTsIH4uE OT Gec-
KOHEYHO} [VIAJKOCTH JIAIYHOBCKUX (DYHKIHMH) ¥ CHPABEJIMBO TOXKIECTBO

35%(p) +2C°(p)sgnC(p) = 2.
B pesyubrare 3amens! (7) cucrema (6) npeobpasoBasach K BUILY

. S ; c
WDGFY@fQ—fﬂ,¢=p—FY@ﬁQ—fﬁ,
i ¢ yaerom ¢opmyist (5) — K BuLy

p = Psp + Pyp* + Psp® + O(p%),
O = p+ Bop® + B3p° + O(p).

,Z[aﬂee BBIIIOJIHAJIACh 3aMEHA Hepel\/IeHHbIX
p=r-+ hg(gp)r2 + hs(t, cp)r3 + ha(t, cp)r4 + hs(t, gp)rS, (8)

rue h;(t, ¢) — nepuoguyaeckue 10 t, ¢ dbyaknuu. B pesyabraTe mosydanach cucrema -
depeHnraabHBIX yPABHEHUH

V=%ﬁ+%@@f+ﬂ@@ﬂ+0W% -

b =p+ 22" +0(p°),

/e K03hOUIMEHTH! IPH CTETEHsIX €CTh HEPEPbIBHBIE, 27T-, 2w-TIepuoandeckue GyHKINT
10 IIepEMEHHBIM t, ¢ COOTBETCTBEHHO, a g5 — KOHCTaHTa Jlamynosa. CienyeT 3aMeTHTD,
4T0 3aMeHa (8) aHajgorm4Ha 3aMeHe (3), HO, N3-33 OIPAHMYEHHON IVIAJIKOCTH (DYHKITHIT
C, S, ee makcuMaJjbHas creredb N paBHa 5.

PaccmorpuM citydaif, Korja KOHCTaHTa ¢ PABHA HYJIIO.

2. YcroitunBocTh noJioykeHus: paBHoBecus. Cucremy (9) sammireM B BH/e

{b:%@MMMJMt@N+0@%,

10
¢ = p+ P2p?> +0(p%), 10)

rie Ps(t, ) = ai(t)Bi(y) + -+ an(t) By (9), Pr(t, ) = af(t)Bi () + - + a7, (t) B}, ().
Cpenmee snauenne xkosbdummenta Pr(t, o) = a(t)S*(p) + P(t, ), BoobmIe roBops, He
paBHO Hy/ 0. Bocmomb3yemcst cieyionieit TeopeMoit.

Teopema 1 [4]. ITycmo dynxyus f umeem na ompesxe [0, 2] nenpepwvishvie npous-
6800HBIE D0 NOPAdKA k— 1 8KAOUUMEADHO U KYCOWHO HENPEPBLLEHYI NPOU3BOOHYIO NOPAIKG
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kE (k> 1), npuvem f9(0) = f9)(2n), j = 0,1,...,k — 1. Tozda pad Pypve dynxuyuu f
pasromepro u abcosrommuo wa ecem ompesxe [0, 2w] crodumes % camoli dynruuy f.

Banumewm cucremy (10) B BHjIE

{b = Pi(t,0)p° + P2(t,0)p" + Es(t,0)p° + Er(t,0)p" + O (p7), )

¢ = p+ Bap’ +0(p°),

rie

JIemma. Cywecmeyem samena
p =1+ hs()r® + he(t, )rS + he(t, o)r", (13)

nepesodawasn (11) 6 cucmemy

(14)

i = ger® + grr" + Eer® + Exr” + O (r®),
<p=7'—|—\112r2—|—0(r3),

2de ge, gr — wonemanmol, W = By(t, ), 0 < r < r* < 1.

JIOKABATEJBCTBO. [Ipomuddepentupyem 3ameny (13) no t. [osyunm paBeHCTBO

dh Ohe  Oh
d—gj ( +Uyr? + 0 (7‘3)) o+ (a—tﬁ + (’9—@6 (r—|— Uor? + 0 (7"3))> o+
+7 (14 5hsr* + 6her® + Ther®) + <% + aa—i:; (r+0 (r2))> 7=

=Pir® + P2r" 4 Eer® + Exr™ + O (7‘8) . (15)
Ucnonbays (14) u npupasrubas kKosbdumuents! npu crerensax 18 77 uz (15), momyamm

CUCTEMY ypaBHEHUIl

dhs  Ohe .
e _— = P
96+ 35 T 5 (T, 9),
dhs dhe Ohr
Uyt =0+ 27— p
gr + d 2+ g ot > (t, )

B kauecTBe pemienust 1epBoro ypaBHeHHsI BO3LMEM
)
hs = /ﬁl (01(p) = b1) + -+ an (ba(p) = bn) dp,  he = he(t, 9) + he(e),
0
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e hg(t, ) f b1 (e — 1) 4+ bn(@) (an(t) — an)dt, a dynxmus hg(p) mome-

JKAT onpeaeneHmo, g6 = aibl +---+albl, rme gepra ma byHKIHMei 0603HAYACT CpeHEE
3HAYEHNE NAHHON (DYyHKITIN.
IToxcraBuM JaHHOE PEIIeHne BO BTOPOe ypaBHeHue. [lomyduM ypasHeHune

dhe  Ohr

—— = PA(t,0) — —— Uy — —— = P}(t, ).
g7 + dtp+ ot 7(7(00) d(p 2 7(750)

B kadecrBe perenust 10cTaTovHO B3ATH (DYHKIMN

t

7
ﬁe(¢)=/ 2 (p)dep, hr(t, / (t,p)dt, g7 = P;. U
0 0

BameruM, 9TO JjIg PA3IMIHbIX € Ko dunuenTor 3amennt (13), Boobuie rosops, 6y-
ayT pazangabiMu byHKimasMu. OmnHAKO BCe OHU OYIyT OrpAHUYEHBI OJHONW KOHCTAHTOM.
HeticTBuTebHO, 13 TeopeMbl 1 ciemyer, uTo J1000#1 oTpe3ok pama Pypbe 1isa HyHK-
U OTPAHUYEH TOI KOHCTAHTOM, KOTOPOi Oy/IeT OrpaHntdeH abCOJIOTHO CXOISATIIICS PsiI,
Oypoe.

Ob603HAYNM KOHCTAHTY g7 9epe3 g., TAK KAK OHA 3aBUCUT OT £ U MOXKHO IOKAa3aTh,
4910 g6 = 0, AHAJIOTUIHO TOMY, KaK 9TO OBIIO CleaaHo B padore [1].

Haiinem 3navenne g.. 3anumrem moapobOHee:

1 27 2w 1 27 2w h
=— Pz (t, p)dodt — — — Uodpdt. 1
9e 47T2//(s0<p 4//d Wadyp (16)
00 00
IIpoBemem orieHKY:
2w
1 dh5 A 1 dhs dhs -
_ = — [ Z29,4 — [ Z20.dy, 17
Ty = 5 / Tadp -+t g / 2dp a7)
0 0 ©®1
rie \ilz(tp) = % 027T Us(t, p)dt, a npoMexyTKH NpeaesioB uarerpupoanug 0 < @1 <

dhs
- < ¢ < 2w eCcTh TPOMEXKYTKH ITOCTOAHCTBA 3HAKA M DYHKITIH d—;\:[fg. Ucnonb3ys

nepasencrea (12), noxymm [Bf () — b} — (b () = b}) | = |B} () = b (¢)] = |ea(p)| <.
CremnoBaresibHO,

1 1 7 an &
1Al 5 _1
EZ / a; (B} F e)¥adp < — / %\Pgd@ < —Z / al (B} + &) Wydep,
=1 Pr Pr =1 Pr
rmer =0 l. TloncraBiss nannble HepaBeHCTBa B opmyay (17), nomydanm
1T dh
H1E 5§
%2/ B\Ilgd@——sz:/|a\112|dtp<—/ 2d(p<
=1 0
n 2w n 2w
1 _1/1G 1
< %z/azBi\IJthp—FTsZ;/mZ\Pﬂdgp
=17 =17
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Ucnonbays (16), mosryuny HepaBeHCTBa

2w 2T 2w
1
gsgm//Pf(t tp)dgpdt——/ZaB \Ilgdtp+—/ Z|a Wy|de,
00 0 i=1
2w 2T 2w 2w (18)
1 1 t 1 " .
> 2 - — al B! — a) .
02 o [ [Pt - o [ S alBlde - 5 €3 lalbalag
00 o =1 o =1
Bsenem obosnavenns
1 2w 21 n 2w
Wjﬂ//ﬁmmm——Z/mNM%AfmeM%L
o =17 i=1
Teneps Hepasercrsa (18) 3anumyrcs B Buje
lge — g < eM. (19)

Teopema 2. Ecau g < 0, mo nyaesoe pewenue cucmemos (1) yemotinuso; ecau
g > 0, mo ono neycmotiuuso.

JLOKABATEJILCTBO. PaccMoTpuM ypaBHeHme
7= g1’ + Eg(t, 0(t))r® + Bz (t, o(t))r” + O (7‘8) , (20)

re p(t) — Bropasi KomnoHeHTa pemmenust (r(t), p(t)) cucremsr (14). OueBuHO, YTO KaK-
Jioe penterne ypasaenus (20) ectb r(t).

Yemotiuusocmo. Tlyers g < 0. YanTsisast yeaosusi Teopemsl, u3 (20) u pasercts (12),
(19) moyunm HEPABEHCTBO

F=ger” 4 Bor® + Brr’ + 0 (%) <1 ((g + a’me + eM) v+ a'ne + Mir®), - (21)

e a' > max |a}|, a® > max|a?|, My = const.
ITyCTh BBINOJIHSETCST HEPABEHCTBO

Ve =r(0) < a, (22)

. —(a'n+M In+Mi)2—2g(a?m+M
e a = min (r*, (a nt 1)+\/2((2;;++Ml§ gla?mt )) . Torma u3z (21) ciemyer BbIIOJHE-

HIIe HepaBeHCTBa
7'"§7‘7(g—|—r((a2m+M)r—|—a1n—|—M1)), (23)

KOTOPOE cnpaBemmBo B Touke t = 0. VI3 upasoii vactu (22) u uz (23) ciexyer HepaBeH-

CTBO 1" < r7 , 13 KOTOPOI'O BbITEKAET

r(t) < Ve (24)
N3 dopmya (13), (22), (24) momxyunm

rO) < p(t) < r(B)L, V2L < p(0) < VEL.
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Temepb MOXKHO yTBEPKIATH, ITO Vy > 0 30 = ’y% :Vp(0) <6 = p(t) < Lr(t) < Lr(0) <

%p(0) <.
Heycmotwusocmo. Ilycts g > 0. Yuureiag ycrosus Teopemsl, u3 (20) u (12), (19)
HOJIy9MM HEPABEHCTBO

i =gr’ + Egr® + E;r" 4+ 0 (7“8) > 70 ((g — a®me — gM) r—a'ne — M1r2) , (25)

rae at > max|a}|,a® > max|a?|, M1 = const. [lycts BBIMOMHgeTCs /2 = r(0) < a, Tie
1
. - +M1)++/(a'n+M:i)2+2g(a?m+M
a = min <7“*, (alnt M)y (ant M) +29(a )) .

2(a2m+M)

Torna u3z (25) ciiemyer BBHIIOJIHEHUE HEPABEHCTBA,
i>r" (g—r((a®m+M)r—+a'n+M)), (26)

KoTopoe cripaseymuio npu t = 0. 13 npasoit yactu (22) u u3 (26) ciemyer HEPaBEHCTBO
Zr > &, OTKy/ia BBITEKaeT, 4To permenue 7(t) CTPOro MOHOTOHHO BO3PACTAET B HEKOTOPOi
OKPECTHOCTH.

ITpemotoKuM, 9To JaHHast OKPECTHOCTD COBIIAIAET ¢ TIOJIOKUTEIBHON ochio. Torma

JeBas qacThb (22) Oy/eT BBIIOTHATHCH 1ist Beex t. M3 (26) mosyanm nepaBencTso 7 > 2.

r=6 gt r~%(0)
WNurerpupyst obe ero gactu, NOJydIUM HEPABEHCTBO —— > £ — —=2 u3 KOTOpPOTO

6 2 6
crenyer 7(t) > 1/8/—3gt + T%@, 9TO IPOTHUBOPEYUT IIPeooKennio. Takum o0pazoM,
[OJIy9aeM, YTO CYINecTByeT 3HadeHue ¢ takoe, 4ro r(t) = a. O
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Differential equation of the form &+xz?sgnz = Y (t,z, %), is considered, where the right-hand
side is a small periodic perturbation of t, a sufficiently differentiable function in the origin
neighborhood with variables x, . It is assumed that X perturbation is of order smallness
not lower than the fifth, if x is assigned the second order, and & is assigned the third order.
Periodic functions are introduced that are the solution of the equation above with zero right-
hand side. Since differentiability of the quadratic part is bounded, then differentiability of
the introduced functions is also bounded. These functions are used to transfer from the
initial equation to the system of equations in coordinates similar to polar. This system with
the help of the polynomial replacement is reduced to a system with Lyapunov constants.
Replacement coefficients are found by the partial fraction decomposition. The conclusion
about the nature of stability of the zero solution is made by a sign of the first non zero
constant. Due to the bounded differentiability of the introduced functions, the degree of
the polynomial replacement must be limited. The system of differential equations for the
replacement coefficients is solved recursively. The number of found Lyapunov constants is
also bounded. This article considers the case when all found constants are zero. To study
this problem there used the method of isolating the main part of the introduced functions
and their combinations as a result of the expantion of the latter in the Fourier series.
The remainder of the series is assumed to be sufficiently small and it is shown that its
presence can be neglected. The transition to the main parts instead of functions allows to
compensate for the lack of differentiability of the introduced functions. Considering such
systems, polynomial replacement can be again used and the Lyapunov constant for each
main part can be found. It is shown that the sign of the constant for any main part is
preserved. Sufficient conditions for stability and instability are indicated.
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