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B crarbe mpuBOISITCST YCIOBUSI, TPU KOTOPBIX BEPOSITHOCTDH IMOMAJIAHUsI JIMHEHHON KOMOU-
HAIUU CJIy4YailHbIX BEKTOPOB B MHOTOTDAHHBIN KOHYC sIBsieTCsT Schur-BorHyTON (OyHKIIMeH
ot Ko3(ddunmneHToB KoMonnanuu. Tpedyercs, 4ToObI KOHYC cojep:kaj Touky 0, ero pebpa
OBLIN TMAPAJIIEbHBI OCSIM KOOPIWHAT, a IUIOTHOCTH pacIpeiesieHus] BEKTOPOB ObLiIa Jiora-
pUdMUYIECK BOTHYTOM 3HAKOWHBAPUAHTHON (DYHKITHE.

Karouesvie cr06a: TpssMOYTOIbHBIN KOHYC, IPEANOPSI0K BHYTPUA MarKOPHU3aIlud, SHAKOUH-
BapUaHTHAsl TJIOTHOCTh, JIOTAPU(PMHUIECKAS] BOTHYTOCTh, (G-MaXKOpU3aITHs.

1. Beenenue. Psn pabor B 00s1aCTH BEPOSITHOCTA M CTATUCTHKY CBA3AH C IIOMA-
JaHueM ciydaiinoro BexkTopa m3 R™, n > 2, B IEHTPAIBHO-CUMMETPUIHBIE BBITYKJIbIE
MHOKeCTBa. CTOUT OTMETHTH, YTO JTAHHOE 0OCTOATEHCTBO COMJIACYETCS C TIOHATHEM OCT-
POKOHEYHOCTH (KOHIIEHTPAIMA OKOJIO HAadYasa) CJAy9IaliHOro BEKTOpa, BBEJEHHBIM B [1], B
KOTOPOM (DUT'YPUPYIOT UMEHHO TAaKUe MHOXKECTBA.

B pasnesie 2 MbI, UCIOJIB3YsI HEKOTOPBIE MOMOOHBIE PE3Y/ILTATHI, IEPEHOCUM UX HAa
IPSIMOYTOJIbHBIE MHOTOI'DAHHBIE KOHYCHI. JOTIOJIHUTEIbHBIM YCIOBUEM 3€Ch OKA3bIBAET-
CsI 3HAKOMHBAPUAHTHOCTD IJIOTHOCTH PACIIPE/IEICHUS .

B paspesne 3 yjessiercsi BHUMaHIEe PACCMOTPEHHOMY B [2] NpeanopsiiKy BEKTOPOB,
6oJtee peJIKOMY, YeM IINPOKO U3BECTHAS MazKopu3alusi. B To »Ke BpeMsi 9TOT IPeIIopsII0K
00OBIYHO Jierte nmpoBepsiercs. Teopema 5, cchopMympoBaHHast B pasjiese 3, IPeICTaBIISeT
c0o0OI1 ONpeIeNIEHHBIH CIOCOD PO IIUPOBAHIS TAKOTO OTHOIIEHUST MEYKJY BEKTOPAMHU.

2. BeposTHOCTB TIONIaIaHust BEeKTOpa B KoHYC. 2.1. Maostcopudavus. Hamom-
HUM omnpeziesierne Schur-porayToii dyakuuu [2]. Toopsit, 9T0 BeKTOD @ = (a1, .. ., Gm)
masrcopupyemcs Bekropom b = (by, ..., by,), u 3anuceBalor a < b, eciu

m m k k
Zbi:Zai u Zb[i]ZZaM, k=1,2,....m—1,
i=1 i=1 =1 i=1

e by > -+ 2 by, Q) = 0 > Apyy) — YHOPAJOHYEHHBIE TTO yOBIBAHMIO (HEBOZPACTAHHIO)
KOMIIOHEHTHI BEKTOPOB b u a coorBeTcTBeHHO. OyHKINS (0 Ha3biBaeTcs Schur-BOrHyToit,
ecim u3 a < b caenyer ¢(a) > p(b).
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IMycrs Xi,...,X,, — He3aBUCUMBIE OJHOMEPHBIC CIydYaliHbIC BEJIMYUHBI C OOIIei
IUIOTHOCTBIO h, KOTOpasi CUMMeTpHYHa (OTHOCHTEJLHO Hauaja) M JIOr-BOTHyTa. B [2,
§12.J] ormeueno, 9To TOrHA CJELyIONIME JBA DE3YyJIbTara, Bocxousdnme K [3], sxBuBa-
JIEHTHBI:

(a) mas kaxgoro t > 0

z/)(a) = P{ZCI,LXL < t}

ectb Schur-orayras GyHKIW OT a, a; > 0 s BCex ;
(b) mrsa kaxkmoro t > 0 .
¥(a) = P{[Xa; X;| <t}
ecTb Schur-Borayras GyHKIWUS OT @, a; > 0 JJjIsT BCeX 4.
st n-MepHBIX (N > 2) cilydaffHIX BEKTOPOB CUTYAIUsl B 9TOM OTHOIIEHUN YCJIOXK-
HSIETCsI, U MbI OyJIeM OPHEHTHPOBAThCs HA TO, 4yTo u3 (b) cienyer (a). [Tosromy B masib-
HEHIIUX PACCYKIEHUSAX OTIPABHON TOYKOI HaM CJy:KUT TeopeMa 3.2 u3 [4], koTopyio
MOKHO ¢(DOPMYJIMPOBATH Kak aHajaor yreepxkieaus (b).

Teopema 1 [4]. ITycmo Xq,...,X,, — Hezasucumvie 00UHAKOBO PACIPEIEALHHBIE
cayuatinoe sexkmopve 6 R™ ¢ obwel cummempuurotc (omHocumesvho Havwana) Ao0e-
802HymMOU naomuocmuvro. Tozda

m
\I'(a) =P ZCL@X@ cA s
=1

20e A — moboe cummempuyroe (OMHOCUMEADHO HANAAG) BUNYKA0E NOOMHOdCECmBo R™,
ecmv Schur-eoznymas Gyrwkyus om a.

B R™ mis dukcupoBaHHbX ¢;, ¢ = 1,...,n, ¢; # 0, obozuauum depe3 Z(c,. .., Cn)
TOT MHOI'OIDAHHBII KOHYC C BEPIIUHOI B TOUKE (C1, . . ., ¢, ) U N peOpaMu, HapajuIe bHBIMU
OCSIM KOOPJIMHAT, KOTOPLI comepkut 0.

Teopema 2. ITyemo h(z1,...,x,) = h(|21], ..., |zn|) — a0e-602nymasn naommocmo
6 R". Toeda ¥ ¢;, i=1,...,n, ¢; #0, u a>=b, a,b € R™,

m

m
P Zng@EZ(Cl,...,Cn) >P ZangEZ(Cl,...,Cn) ,
=1 =1

2de Xy, £ =1,...,m, — Hezasucumvie 00UHAKOBO PACNPEIeseHHbLE T-MEPHBLE CAYLATNHDLE
sexmopvl ¢ 0buLets naiommocmoio h.

JIOKABATEJIbCTBO. Ilpexkae Bcero 3amMeTuM, 9TO KOHYCBI I[PEICTABJSIOT CO-
Goii IPAMOYrOJIbHbIE MHOTOIDAHHUKH, cojepxkamue 0, #u3 9Yero cJemyer, d9To
U. Z(e1c1,. .. encn) = R". JleifcTBUTEIbHO, BO3BMEM IPOU3BOJIBHYIO TOYKY X =
(1,...,2n) € R™, Torga Bo BesikoM caydae X € Z(ei|ci|, ..., enlenl), tue €; = —sgn(x;)
u qoboe €; = +1 pu x; = 0.

O6ozHaunM vepes (a, X ) BEKTOPHO-MATPUIHOE Ipon3BeieHre. HarmoMHuM, 9To ecim

a=(at,...,am) un X =|lzg|l, £=1,...,m, i =1,...,n, TO BEKTOPHO-MATPUIHOE [IPO-
U3BeJIeHHe OlpeesIsieTcst Kak BekTop d = (dy,...,dy), y Kotoporo d; = Y, asxe; (i =
1,...,n).

ITycrs h — mutorHocTs (a, X ). TTockosbKy h 3HAKOMHBAPHUAHTHA, TO TAKOBA XKe (HDYHK-
st h; 3TO JIEFKO MIPOBEPSIETCST C YIETOM TOT'0, YTO IJIOTHOCTB CYMMBI JIBYX HE3aBUCHMBIX
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BEKTOPOB €CTh CBEPTKa MX IJIoTHOCTel. [Tokazkem, 910 B CUJIy 3HAKOMHBAPUAHTHOCTH h
MBI ©MeeM JIJisI BceX €; = +1 paBeHCTBO

P{{a,X) € Z(e1c1,...,encn)} = P{{a, X) € L(|c1|,...,|cn])} (1)
Qukcupys ¢; > 0, ¢ = 1,...,n, yCTAHOBUM B3aUMHO-OTHO3HAYHOE COOTBETCTBUE MEYKY
TOYKAMHU JIBYX [IPOU3BOJIbHBIX KOHYCOB: Z(€1C1,...,EnCy) U L(]C1,. .., &l cp). TTocKOIB-
Ky Z(e1€1,...,6ncn) = {x € R": (z; —eic;)e; <0, i = 1,...,n}, 10, conocras-

JIgd MHOZKECTB i sexy < ¢ m Az elal < ¢}, momydaem uckom TBETCTBUE:
OXKeCTBa {x; : ;25 < ¢ o elal < e 0JIY9aeM HCKOMOE COOTBETCTBHE
! ! _ ! .
XT; = Ei€; X4, Ty = E4£;T;.
PaccMmorpuMm Tenepnb

P{{a,X) € L(\cry. .. ehen)}t = h(zy, ... a)de,,. .. da,.
Z(eher,....el cn)

Cnenap B nHTErpajie 3aMeHy NEPeMeHHBIX & = £;£;%;, TIOJyINM, UTO OH PaBeH

/ h(erehxy,. .. enchan)|J|dzy,. .., d,.
Z(e1€15.-Encn)

ITockoJibKy MIOTHOCTH h 3HAKOMHBapUaHTHasI, a MaTpulla SIKoOM JuaroHasbHAs C 3Jie-
MEHTaMH £;€; Ha JMArOHAM, TO OTCIoa cienayer (1).
st KpaTKOCTH, KOTJa Pedb uieT 00 OMpeeIeHHOM CJIydaitHoM BekTope W, OymeMm

non P[A] nornmars P{W € A}. Ilycth B R™ nmeercst HaG0p MHOZKECTB A§n), j=1,...,s.
JanbHeiimme paccy K 1eHnst 6a3upyoTcs Ha popMyJIe
S S
S oPAM =S kPR, PO =0, 2)
j=1 k=1
rie R,(Cn), k=1,...,s, — mHOXKecTBO Tex x € R™, KoTopble IpUHAIJIEX)KAT POBHO Kk 13 S

(n), (n) s (n) _ s (n)
MHOXKeCTB A5 sICHO, 9T0 R} HONApHO HE LepeceKaroTCs 1 Uit Ry = szl A
PaBencTBo (2) HHTYUTHBHO HAIIPAIIMBAETCS, U K HEMY HECJIOXKHO IIPUIATH, €CJIu 3a-
IHCATH JIEBYIO 9aCTh B BUIE [p, > XA,dP 1 ydects, 910 Y XA, = > kXR,, TO€ X —
WHJIUKATOpHAsT DYHKIMS MHOXKECTBA.
HaJsiee pedp GyeT UATH TOJIBKO O ciaydaiinoM Bekrope W = (a, X). ITockonbKy Hammm
[TOCJIEIYOIIUE PACCYKJIEHUSI CTPOSITCSI HA UHIYKIHH, TO 3aMETHM, 9TO IIPU IIePexXoje OT
o n
R™ x R"*! Bosnukaer ciemytomuit sbdekr. O6o3HaumM uepes Lfk ) nabop u3 2" KOHyCOB

Z(e1e1, ... Ency), The £; = £1. Tlpeamonoxkum, uro B R™, n > 2, cymecrByer Takoil Ha-
60p u3 2" BBIMYKJIBIX CUMMETPUYHBIX MHOXKECTB D,(ﬂn) = {Dgn)7 Dgn), e Dgﬁ)}, Dgn) =
R™, aro EI(:) — R,(Cn), k=1,...,2", tme E,(:) OTHOCSATCSI K HADOPY ka"% a R,(:) — K

Habopy M. Orcroza, corsacuo (2), noxydaem

on on

> PO =3 PLLY). (3)

HaM IpeJICTONT MOoKa3aTh, uTo Toraa u B R maiinercs mabop 3 271! Buimykisrx
1 1 1 H(n+1) 1
CHMMETPUYIHBIX MHOXKECTB {DYH_ ), DSH_ ), ce D;ZL )} Takux, 9ro R, = R,(;H_ ), u

TeM caMbIM BBINONHAETCs (3) ¢ 3aMeHoit n Ha 1 + 1.
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T2

1 2 1

(leal, |ez])
2 2 I
1 2 1

2 2
Puc. 1. Yncmo MHOXKeCTB Lg >(D§ )), TTIOKPbIBa-
IOIIKX COOTBETCTBYIOIINE OOJIACTH.

Ho npexe ciemyer cdhopmupoBarh 6azy uaaykmuu. C 3710l 1esip0 Ha puc. 1 s

n = 2 ynciaamu N cHaOYKeHbI MHOYKECTBA TOYEK, KOTOPbIE IPUHAJIEXKAT POBHO [N KOHY-
2) .

cam u3 Habopa 45 ), 7 =1,2,3,4. Jlerko npoBepseTCs, ITO TOYHO TAKOE K€ PACIIOJIOKEHUE

)

2 2
N MBI OJIy9HM, €CJIM BMECTO KOHYCOB BO3bBMEM MHOXKECTBA D§ ) = R?, Dg — BepTHU-
) (2)

2
KaJIbHas I10JI0Ca, Dé — IPsAMOYTOJIbHUK, DD’ — ropu3oHTaJIbHAsI 1I0JIoca. BaxXHO, ITO
9T (PUTYPHI BHIIYKJIBl X CHUMMETPUIHEI.

Tenepb BO3bMEM TIPOM3BOJIBHBIN KOHYC Z(€1C1,...,EnC,) U3 HaBOpaA Lfk"), nHAYe
rosopsi, uKCHpyeM €;, i = 1,...,n, W PAacCMOTPHM IPOH3BOJIBHYI0 TOuky X =
(x1,...,2n) B 9TOM KOHyce. ITOCKOJIBKY MBI MMeEM J€JI0 TOJBKO C KOHYyCaMHU, CO-
nepxammvi 0, to Touka X"t = (z1,...,2,, 2, 1) UPHHANICKAT OGOMM KOHycaM
Z(e1€1, .« EnChy Cny1) U L(E1CT, -+« EnCny —Cpp1) TIPH YCIOBUA — |Cpi1| < Tpt1 < |enta]
U OJHOMY — B HIPOTUBHOM ciydae. IIycts Ny (») — KOJINYECTBO KOHYCOB B L*n)7 cojiep-
JKAIIX TOYKY x( e Rn. Torna nerko ciegyet, 910 Nynt1)y = 2Ny (), €Ciin TOUKaA
x("tD) = (zy,... 2, T y1) IPUHAIICIKAT HEOIPAHITICHHOMY CHMMETPUIHOMY BBITYK/IO-
vy muororpanauky C = {x("t1) € R* 1. —|c, 1| < 2pp1 < |entil}, @ Ny = Ny
nHadJe.

Hamee, mis kaxaoro j = 1,...,2" BO3bMeM B KadecTBe D§"+1) MHOYKECTBO TOYEK
D§n+1)

x("t) = (zy,... 2p41) € R rakux, ato x() = (z1,...,1,) € D§n), TO €CTh

DgnJrl)

D™ x R, B wacTHOCTH = R"*!. B cBowo ouepenp, g j = 2" +1,...,2"*! no-

J
1 1 1
JlaraeM DJQH_ ) = D§’_”§n) N C. Scuo, aro Bee DJQH_ )7 KaK u D§n)7 — BBIIYKJIBIE CHMMET-

PUYIHBIC MHO2KECTBaA.

Kpowme Toro, eciit Ny (n) — KOJIMYIECTBO MHOXKECTB B ka"), conepxarux Touky x() €

R™, To ms x("HD) = (1, ., Tn, Znt1) € C orazbiBaercs Nynt1) = 2Ny (n), IOCKOJIBKY
. 1 1

I Kazkaoro j = 1,..., 2" MHOXKECTBa D§n+ ) u Dy_g) OJTHOBPEMEHHO JINOO COIEPKAT

x("+t1) w60 me comeprkar. B cBoio ouepes, mas x(" D € R\ C oueBnano Ny i1 =
Nyny.

Ing n = 2 gaHHOE 00CTOATENHLCTBO MPOMLIIOCTPHPOBAHO Ha PUC. 2, TAE YTOJIICH-
HBIMU BEPTUKAJIBHBIME OTPE3KAMU YCJIOBHO IIPEICTABJICHBI (TUIIED ) ILIOCKOCTH X3 = —|c3|
u x3 = |cs|.
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[Tpu npoussosibHOM 1 Jijist k = 1,...,2" umeem

(n+1) \C ( (n) % |R) \C, (n+1) ﬂc (n) % |R) ﬂC,
R\ C= (R xR)\C, Ry C= R)()C

(n+1) +1

By ' C =Ry NC=0.

Wcxonsg u3 31010, oIy IaeM:
m k=1,3,...,2" —1

R @& xr\C, RV =R xR)\C,

it k=2,4,...,2"

T ( R \C) U( F D ﬂC) (( B IR) \C) U ((RSJ}E )ﬂC) :
e = (1 YU (0 10) = (7 ) YU (385 5 )0

HaKOHeIl, Iy k = 27 + 2,27 +4, ... 2n+1

R = (B xm) e B = (R xR)NC

n RV = ROTY g k=20 41,27 43, 20— L

HOCKOJII)Ky IIpaBbl€e 9aCTU BCEX «CIIAPEHHbBIX» PaBEHCTB Pa3/INYal0TCAd TOJIBKO BeJIU-

—(n) n -
ynHaMu R, u R,g )7 KOTOPBIE PABHBI ME2KTy COOOI 110 MHTYKIIMOHHOMY IPEIIIOI0XKEHUIO,
TO PaBHBI U COOTBETCTBYIOIIIHE JIEBbIEC YaCTH. TaKI/II\/I 061)8‘301\47 B OTHOIII€HUN Ha60pOB

1 1 n+1 1

DSH_ ) u ASH_ ) TIOJIy IaeM R( ) = R("+ ) g Beex k = 1,...,2" y mem cambim
y k pat ) ) 9

BBIIOJIHSAETCH (3) ¢ 3aMeHol n Ha 1 + 1.

B pesyubrare, corsacuo (3), npunumas Bo BuuManue (1), oydaeM COOTHONIEHUE

2"P{(a,X) € L(e1c1,.. . encn)} = 1+ > P{{a,X) € D™}, (4)
j=2
OTKYyla CJIeIyeT

27l
1

P{{a,X) € ZL(e1c1,...,€nCn)} = ot ﬁzp{ a,X) € D(")},

rje D§-n) — CHMMeTPHUYHBIE BBITYKJIble MHOXKecTBa. OcTaercs y4ecThb, 9TO 3HAKOUHBaPU-
aHTHBIE IJIOTHOCTU, OYEBUIHO, CHMMETPHUYHBI, U IIO9TOMY COIJIACHO TeopeMe 1 Bce ciia-
raeMble B TIPABO#l YACTH SIBJISTIOTCS Schur-BOrHyThIMU (DYHKIIUSIMEU OT @. 3HAYWT, JIEBAsT
9acThb TOXKEe 00JIaJIaeT STUM CBOHCTBOM, YTO O3HAYAET CIIPABEJIMBOCTH TeopeMbl 2. [

s TeOpEMbI 2 CTaHJapPTHBIM o6pa30M, IIpUHNMasd BO BHUMaHUE COOTHOIIIEHUEe

1 1 1 1
(m—+1’ cee m—+1) =< (Ev e m,O) ITOJTydaeM CJIEIyIOIIee YTBEPIKIEHNE.
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CaencrBue 1. B ycaosuar meopemovt 2 cnpasediuso HEPABEHCME0

m—41 m

1
;Xgel(cl,...,cn) > P E;Xgel(cl,...,cn)

1
m—+1

3ameuanne 1. Konedno, Bce BbIlIeCKa3aHHOE CIPABE/JINBO U JIJIsI CIIYIaeB, KOTA
HEKOTODBIE ¢; PABHBI HYJIO. JTO yCTAHABIUBAETCS MPEIEbHBIM IIEPEXOJIOM, C YIEeTOM
TOrO, YTO JIsl JIOP-BOTHYTBHIX ILIOTHOCTEl: (a) obsacts @, rue h > 0, Boimykia B R™ u
(b) B obuactu Q dyukuus h venpepsiBaa (cM., Hanpumep, [5, §2.1]).

3ameuanne 2. CymniecTByIOT pa3jinIHbIe JOKA3aTEIbCTBA TOTO, 9TO Mepa 1 00beu-
HEHUsI MHOYKECTB He ITPEBOCXOINT CYMMBI Mep 9TUX MHOKeCTB. EIlie 0HO 10Ka3aTeIbCTBO
MOKeT ObITh nostydeHo u3 dbopmyisl (2). HeiicrBuresnbho, umeem

S ulAT) = S uR + Y (k= DulRL]
j=1 k=1 k=1

u, yanrsmas, ato ullJ;_, A;n)] = ulUizy R,(cn)] =3 M[R,(Cn)L HAXOJIUM

S S S S

ullJ AP = 37 A = 3 (k- DulR) < 37 Al

j=1 j=1 k=1 j=1

2.2. G-maocopudayus (cm. [2, §14.C.8]). Ilycrs Z : m X n — cayuvaiinas MaTpu-
a co CTpoKamu Zi,..., 7, 1 0003HaIMM dYepe3 V' BEKTOPHOE HPOCTPAHCTBO (M X n)-

marpu,. dusg nannoro muoxkecrsa A C R™ u BekTopa a € R™ BBemeM B pacCMOTpPEHUE

dala) =P aZjeAy. (5)
=1

Tenepb BozbMeM rpymiy G, COCTOSILYIO U3 BCEX (M X m)-MaTPHI[ [EPECTAHOBOK
U BCEX JMArOHAJBHBIX (M X m)-MaTpuil ¢ sjieMedTamu +1 #a aumaronasu. 'pymma Go
MTOPOXKAAET JacTHIHOE yrnopsaodenne Ha R™ ciemyromum obpasom. s kaxmoro b € R™
nycrb p(b) obo3HauaeT BHILYKIYIO 000510uKy MHOXKecTBa {gb : g € Gp}, u Gyuem nucarhb
a < b B cayuae a € p(b). Takoe ynopsiioderne o6cTosTeIbHO 06CyXK1aeTcst B [6].

Oyukiuio 7, onpejeaeHayo Ha R™, HA3BIBAIOT y6vi6a10uLet OTHOCUTEIHLHO JTAHHOTO
ynopsiiodenusi, ecam a < b Biaeder 3a coboit 7(a) > 7(b). Crenyomas teopema 4.2
paborsl [7] cilyKUT HAM 3/1€Ch OTIPABHON TOYKON Tak Ke, Kak Teopema 1 B 1. 2.1.

Teopema 3 [7]. IIpednosootcum, wmo naomuocmsv Z, crkadicem f, ydosaemsopsem
YCAOBUAM:

(i) f(gz) = f(2) Oas 6cex g € Gy, z € V;

(ii) Pynruusn f aoe-6oernyma.
Toz0a pynryus ¢4, onpedeaenran 6 (5), AsaseMCH Youeaoweld Oaa KaHcdo2o uinYKkA020
cummempuurozo muoocecmea A C R™.

DTa TeopeMa MO3BOJISIET HAM MOJyIUTD CJAEAYIONmit pedyabrar. Obo3HAYNM Yepe3
G* MHOXKeCTBO BeeX (M X M )-MaTpHIL [IePeCTAHOBOK.
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Teopema 4. IIpednonooicum, wmo

(i) f(g*z) = f(2) Oasn ecex g* € G*, z€ V;

(i) eexmopw, Zi,...,Z! ~— HE3ABUCUMDIE CO 3HAKOUHBAPUAGHMHLMUY A02-
BOZHYMBLMU NAOMHOCTIAMAU.

Tozda ynryus ¢a, onpedeaernasn 6 (5), asasemes yovsaroweld das Karcdo2o Ko-
nyca A= Z(cy, ..., cn), Pueypupyrowezo 6 meopeme 2.

Sameuanue 3. B ycnosun (i) MBI OrpaHHIHBAEMCsI TIEPECTAHOBOYHBIMA MATDPHUIIA-
MU, IIOCKOJIbKY YCJIOBUE Ha JMAroHaJbHbIe MATPUIILI HepekpbiBaercs B (ii). Yesosue (ii)
B TeopeMe 3 TakxKe IepeKkpbiBaeTcsi B yciaoBun (i) TeopeMbl 4, MOCKOJIBKY IIOTHOCTH
HE3aBUCUMBIX BEKTOPOB PABHACTCA MPOU3BEICHNIO UX IJIOTHOCTEIA.

JOKABATEJILCTBO TEOPEMBI 4. AHaJIOrMYHO J0Ka3aTe/bCTBY TeopeMbl 2. IIpex-
JIe BCETO MBI JIOJIKHBI OJIYYINTh paseHcTBo Tuna (1). s sToro Tpebyercst yCTaHOBUTH
3HAKOWHBAPUAHTHOCTH TIJIOTHOCTU BEJTUINHDI Z;"zl a¢Z,. OHa claeayeT IO TeM XKe Co00-
paXkeHusiM, KOTOPbIE IIPUBEJICHBI B HAYAJE TOKA3ATEIHCTBA TEOPEMBI 2: MOITaroBo (hop-
MUPYETCS IJIOTHOCTDh CYMMBbI JIByX HE3aBHUCUMBIX BEKTOPOB KaK CBEPTKA MX 3HAKOMHBA-
puaHTHBIX TI0THOCTEeH. Ha Kaxk oM u3 m — 1 1maros oka3biBaeTCs, ITO IJIOTHOCTD CyMMbI
3HAKOMHBAPUAHTHA. JTO IMPUBOJNT, KaK B II. 2.1, K paBEHCTBY

Dslererenen) (@) = BL(jcr],.oofen)) (@)-

Jlasee TEIMKOM MTOBTOPSIIOTCS PACCY?KJEHUST W BBIKJIAJIKHA, PACIOJIOKEHHBIE MEYK LY
pasencTBamu (2) u (4), u, TakuM 00pa30M, NPUXOAUM K CJIEAYIONIEMY COOTHOIICHHIO
B3ameH (4):

on

2n¢4(5101,...,ancn)(a) =1+ ZQZSD("')(Q)’
=2

riae D§") — cUMMeTpPHUYHbBIE BBIMYKJible MHOXKecTBa. CoryiacHO TeopeMe 3, C yIETOM 3a-
MedaHusl 3, BCE CjaraeMble B MIPABOM YaCTU SIBJISIFOTCsT YOBIBAIOIIMMY (DYHKITUSIMU OT .
CrietoBaTesIbHO, JieBasl 9aCTh TOXKE 00JIaJ[aeT STUM CBOWCTBOM, YTO O3HAYAET CIIPABE]l-
JINBOCTH TEOPEMHBI 4. (Il

Sameuanmne 4. Paccyxnas, kak B 3amedanun 4.1 paboTsl [7], MOXKHO 3aK/IIOUUTD,
9T0 TeopeMa 4 ABJsgeTcs 000OIIEHNEeM TEOPEMBI 2.

3. IIpeanopsiIoK BHYTPY Ma>KOpU3alOHHOro npeamnopsiaka. B [2, § 5.B| see-
JleH CJIeLyIONuil IIPeAOPsiIoK, KOTOphIil obo3naunM <': masa x,y € R™ 6ymeMm mucars
x =y, ecim pasHOCTD ;) — [ He BO3pacTaer mo i =1,...,nu Y " @i =y i

B |2, §5.B.1] nokazano, uro (z <! y) = (x < y). Uz sT0r0 Cieyer, B 4aCTHOCTH,
4TOo Kjacc (DyHKIHl, COXPAHAIONIX HPEANOpAIoK <!, mmpe Kaacca Schur-BBITYKIbIX
dyukuumit. Kpome roro, B [2, §5.B] roBopurcst 0 6osiee npocToii HpOBEPKE BBIIOIHEHHSI
coornomenns x <! y mo cpaBHeHmIoO € T < .

Koneuno, B cuny nmmmkamuu (z < y) = (z < y) Teopema 2 ocTaeTcst clpaBe/i-
JIMBOM IIPH 3aMeHe B Heil ycioBust b < a Ha b <! a. Ciefyiomiee yTBEPKIEHEE MOMKHO
BOCIIPHHUMATH KaK OJWH U3 CIOCOGO0B MPOAYIHpOBAaHHUA oTHOMmeHHsa <'. OHO SBIdercs
aHajioroMm teopeMmbl B (2, §5.A.12| (B upemioxenuu 5 paborsl [8] mpencrasiena Gosee
TOYHAsI ee Bepcusl).
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Teopema 5. ITycmv D = {x : 21 > --- > xz,}, a eekmopoe V), ... 2™ uz D
6HIOPANDL MAK, YMO EHINONHEHO

R T L A (6)
u nycemo
k k
ZaiSZBh k:17"'7m_17 u ZQL2261
i=1 i=1 ; =
Tozda

zm:ﬂix(” <! iaix(” (7)
i=1 i=1

seakul pas, Kozda aesasn wacmo (7) npunadaestcum D (6 wacmmocmu, 9mo 6epro, ecau

Bi >0,i=1,...,m); npu 9mom oxazwveaemcs, 4mo u npasas wacmsv (7) npurnadaescum
D.

JTOKA3ATEJIBCTBO. Y4ureiBas, 9ro 10 ycuoBmio teopeMsl z(P, i = 1,...,m, u
JeBasd dacTb (7) upunaiiexar D, MoxKeM 3a1mcaTh xg D= Ej]) U TaK>kKe

{iﬁm(i)} :iﬁixf;ﬁ]), {iam;(i)} :Zaxf]]) j=1,...,n.  (8)
i=1 lj i=1 i=1 j =1

7]

(1) _ gm n (4)
IIpexx e BCero OTMeTUM OIeBHAHOE: » i f3; Z LI = Doim1 Qi Dy T[]+ ¥ TOKAKEM,
qaro ;i j = 1,...,n — 1 cpaBeInBO HEPABEHCTBO

m m
{zmﬂ} Soady > Saet} a0
=1 j j+1
TO €CTh
m ) m ) m
{Zalx(l)} - {ZaLx(Z)} > ZBL (1) Zﬁl [J+1 (10)
i=1 j i=1 j+1
Cormnacno (8), coornomenue (10) 9KBHBAJIEHTHO HEPABECHCTBY
> X = BiX, (11)
i=1 i=1

(4) (4)

rme X; = T = ) Nmeem mit ¢ =1,...,m — 1 cooTHOmIIEHIE
20D (i+1) (4) (& _ .0+ (4) (i+1) (4)
Xipr =Xy =ap "~y — oy + gy = @ — o) = @) — S0
Orcrona, yanrteias (6), nomydaem, uro X; He yObiBaer no i (¢ = 1,...,m). CormacHo

[2, §16A.2.a], a70 o3Hauaer BbimosaHenue (11), a ¢ HuM u (9). TTocKOJIBKY 11O yCIIOBUIO
TeopeMbl IpaBasg YacTb (10) He oTpunATeIbHA, TO TAKOBA K€ U JieBas 4acTb. VI3 Toro
citefiyer, 94ro npasas yacThb (7) rakzke npunagexkut D. Takum 06pazoM, 10Ka3aTeIbCTBO
TEeOpEeMBbI 3aBEPIIEHO. U
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CaencrBue 2. Ecau (D) < 22 <1 ... <1 (M) w4 D o ecau dan nexomopozo £,
1 < ¢ <m, svwnoanaemecsa

k

0, k=1,...,0—1,
Zaig 1, k=2, Zai:l’
=1 i=1

'7m7

moezoa
m
20 <! Zaix(’) € D.

i=1
VrBepxkeHne BbiTeKaeT u3 Teopembl b ¢ By =1 u B; = 0 pu 7 # /.

CaenctBue 3. Ecau x =<'y na D, moeda
r='z+7(y—z)€D npu ecex T > 0.

JOKABATEJBLCTBO. [leiicrBurenbro, u3 ciaegactus 2 tpu m = 2, £ = 1 u o =
1—-7<1, ag =7 >0 nosygaem

r='Q-nz+ry=x+7(y—2z) € D.

Yro u TpeboBaIOCH JOKA3ATD. (]

Aprop 6sarogapen B. CojieBy 3a 1moJie3Hble KOHCYJIBTAIUN.
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Probability of hitting a random vector in a polyhedral cone:
Majorization aspect
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The article presents conditions under which the probability of a linear combination of
random vectors falling into a polyhedral cone is a Schur-concave function of the coefficients
of the combination. It is required that the cone contains the point 0, its edges are parallel
to the coordinate axes, and the distribution density of vectors is a logarithmically concave
sign-invariant function.

Keywords: rectangular cone, sign-invariant density, logarithmic concavity, G-majorization,
preorder within majorization.
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