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IIycTh Ha eAUHUYIHON OKPYKHOCTU HE3ABUCUMO JPYT OT JpPyTra IIOCTABJIEHO N CIIyJaifHbIX
TOYEK C PAaBHOMEpPHBIM pacmnpejesierremM. OGpasyeM BBIMYKJIbIA CIyYailHBINA 1n-YTOJBHUK C
BepINIMHAMU B YKA3aHHBIX TOYKaxX. KakoBa ero cpejHsis IJIOM@b U CpeiaHuil nepumerp?
Bomnpoc o cpemueit mromaau 611 pemnren K. BpayHowm, 3/1ech BbIMUC/IIETCS 3HAYEHUE CPEJI-
Hero nepumerpa. [lomyTHO 06Cy K 1a€TCsl BOIIPOC O CKOPOCTH CXOUMOCTHU STOTO BhIPAYKEHUST
K upezeiy. Haiiena tak:ke cpejiHsisl JUIMHA CYMMbI KBaJ[PATOB JJIUH CJIy9YAlHOTO BIIMCAH-
HOT'O TPEYTOJIbHUKA.

Knaouesvie cao6a: CrydailHbIl MHOTOYTOJIBHUK,, TIEPUMETP, BBILYKJIOCTh, pPABHOMEDHOE Pac-
[pejieJieHre.

1. BBegenme. PaccMOTpUM eIMHUYHYIO OKPY2KHOCTD, Ha KOTOPOil HE3aBUCUMO JIPYT
OT JIpyra U PABHOMEPHO pacIpeeseHbl N > 3 CIydaiiHbIX TOUeK X7q,. .., X,. [locTtpoum
10 9TUM TOYKAM BIIMCAHHBIN BBITYKJIBII N-yTOJbHUK. IHTEpEeCHBI BOITPOC COCTOUT B TOM,
qeMy DaBHBI CpeJlHHe 3HAUEHUs MEeTPUUECKHX XapaKTEPUCTHK ITOTO MHOTOYTOJILHUKA,
HaIpuMep, IJIOMAIN 1 IePUMeTPa, U HACKOJIBLKO OHH OTJINIAIOTCS OT COOTBETCTBYIONTIX
METPUYIECKIX XapPaKTEPUCTUK MPABUIHLHBIX BIUCAHHBIX MHOTOYTOJTBHUKOB, Ha, KOTOPBIX,
KaK U3BECTHO, JIOCTUTAIOTCS MAKCUMAJIbHbIE 3HAYEHUs] TIJI0mau 1 nepumverpa [1]. VaTe-
pec K CIydaiiHbIM MHOTOYTOJIbHUKAM OYKUBUJICS B TTOCJIEIHEE BPEMsI B CBA3U C PA3BUTUEM
TEOPUH TaK Ha3blBaeMbIX U-max-crarucruk [2-4].

PaccmarpuBaemyto 3ajady jiuist cpeiaeil mwiomaayn A,, CIydaifHbIX n-yTOJbHUKOB pe-
mmn K. Bpayn B [5]. On mosyunn jBe noxoxkue GOpMyJibl JJIsl YETHBIX U HEYETHBIX 7.
st meveTHBIX N = 2m + 1 UM J0Ka3aHO, ITO

EAzmy1 = W Z
k=1

)Zk 1
2k: 2k — 1) )

B Takoii (popme cymMMy B mpaBoOil 9acTH MOYKHO TPaKTOBATh KAK YACTHIHYIO CYMMY
Pa3JI0YKEeHUs B PsiJl BEJIUTIUHBI Sin 277.

*Pabora ¢1. 0. Hukurnna seimosnaena npu dbunancosoii noggepxxke CIIGL'Y (rpant CIIGIY-HHIO
6.65.37.2017), pabora T. A. ITonesoit — npu nopuepxkke IIpasurenscrsa P® (rpant 08-08).
(© Cankr-Ilerepbyprekuit rocyrapcrBeHblii yuusepcuret, 2020
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IIpu getHBIX N = 2M + 2 hopmysna Bpayna npuruMaeT B

(2m + 2)! . 27r)2k
EAzmy2 = W )" Z ) ) (2)
k=1

3J1eCh CyMMa B IIPABOIl 9aCTH SIBJISIETCS] YACTUIHON CYMMOI PA3JI0KEHUsI B PsiJl BEJIMYUHBI
1 — cos 2.

¢lcHo, uTO BHIMMCAHHBIE BhINIE BhIpaxKeHus st EA, crpeMsTcs K 7, TJIOMIATN €1~
HraHorO Kpyra. Hrepecysich BOmpocoM o cKopocTu 3Toit cxomumoctu, K. Bpayn mokazad,
9TO IpU N — 00 cpejHee 3HadeHue EA, crpemurcs K m B 6 pa3 MejjieHHee, YeM ILIOIA b
5 sin 27“ IPaBUJIBHOT'O BIIMCAHHOIO M-yTOJbHUKA CTPEMUTCS K TOMY K€ IIPeJIeLy.

B nanHOiT pabore Mbl HaiijieM pOPMYJIBI JJIsl CPEIHEr0 3HAYeHUsT nepumempa P, BbI-
IIyKJIOTO N-YTOJbHUKA, BEPIINHAMHI KOTOPOTO SIBJIAIOTCA 1 CJIy4IaifHO BBIOPAHHDBIX TOYEK
Ha eMHUIHON OKPY?KHOCTH C pAaBHOMEPHBIM pacipeenierneM. Mbl ToKaxKeM, KpoMe TO-
ro, 9TO CKOPOCTh CXOJIUMOCTH CPEJIHEr0 3HAUEHUs! [TePUMEeTPa K JJINHE OKPYXKHOCTU 27
Takxe B 6 pas mMeJjieHHee, YeM CKOPOCTb CXOJIMMOCTH HepUMeTpa 21 Sin 7 NpaBujibHOTrO
BIIMCAHHOT'O N-YTOJBHUKA K 9TOMY Ke mpegery. CBepx TOro, Oy/erT BBIYUCIEHO CPejHee
3HAYEHNE CYyMMbBI K6a0pamos JUIMH CTOPOH CJIy9IaifHOrO BIIMCAHHOTO TPEYTOJLHUKA.

2. @opmyubl ojs cpenHeil ajnHbl nepumerpa. OCHOBHOI pe3yabTaT HACTOSI-
meil paboThl UMeeT CJIEIy oIl BUI.

TeopeMma. B yka3aHHbLT Sbitle NPeonosoHCeHUAT 0AL Hevemuur n = 2m + 1 cnpa-
8€0AUBO COOMHOWEHUE

_,n+1)! ym 2k
EPuy1 = 25— (1) 1+Z o) (3)
as vemmnoix n = 2m + 2 gepra Gopmyaa
(n+1)! [ g kTl
EP, 1 =2— (-1 -1 ——|. 4

k=0

ScHo, wmo eupascenus 6 CKOOKAT CNPasa ASAAOMCA UACTNUNHOLMY CYMMAMU CME-
NEeHHIT PAdos das 1+ cosm u sinT.

HOKABATEJILCTBO. BBumy BpamareabHOl THBADUAHTHOCTH MBI MOXKEM ITIOMECTUTH
Hagajo orcyera O B JIIOOYIO U3 HE3aBUCHUMBIX CJIyYaiflHBIX TOYEK, HAIPUMED, B TOUKY
Xp+1. PaceMoTpuM BBIYKJIBIT MHOTOYTOJBHUK ¢ BepruimHaMu B Toukax O, Xi,..., X,.
O6o3HaYMM YyroJI MexK 1y KacaTe/bHOU B Touke O u mpsiMoii, mpoxomsieit uepes O u X,
gepes 0;,1 < i < n. Torga nepumerp Hamero (n + 1)-yrosbauka gaercs hbopMysioi

n—1

P =2 Z sin(fg41 — ) +sin 6y + sin b,
k=1

W3BecTHO, 9YTO paBHOMEPHOE pacipe/iesienne k To9eK Ha OKPYKHOCTH COOTBETCTBYET PaB-
HOMEDHOMY PACIpeIeeHnI0 k BIMCAHHBIX YIVIOB, MIPUHUMAIONINX 3HAYEHUs] HA OTPE3Ke
[0, 71]. Takum o6pazom, yribsl §; npuHEMaOT 3HadYeHus oT 0 10 7T U YIOBJIETBOPAIOT HEPaA-
BeHCcTBY 0 < 07 < 03 < -+ < 0, < m. lIX coBMeCTHOE pacIpejiejieHue — 3TO pacipejese-
HUE TOPSIKOBBIX CTATUCTUK JIJIsT 7 HE3aBUCUMBIX U PABHOMEDHO PACIIPEeJIEJIeHHBIX TOYEK
Ha orpe3ske [0, 7].
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Urak, MbI MOXK€M BBIYUCIUTH MATEMATHIECKOE OKUJAHNE [IEPUMETPA MHOTOYTOIb-
nuka ¢ n + 1 Bepmunamu O, X1, ..., X, no dopmyre

T On 6277,71

n!
EP,i1 :25//.../2 sin(@py1 — Ox) 4 sin 6y +sin6,) dé, ...do, 1db,. (5)
0 0 k=1

Mo2KHO OCHOBBIBATHCS Ha AHAJIOTE STON (DOPMYJIBI HE C BIIMCAHHBIMHY, & C IIEHTPAJIb-
HBIMA YTJIAMH, OIMUPAIONIUMACS HA CTOPOHBI MHOTOYTOJIBHUKA, HO B 9TOM CJIydae HaJ0
CYUTATHCST C TEM, YTO [EHTPAJIBHBIN yIoJl MOXKET 0Ka3aThCs OOJIbIIE 7T, YTO IPUBEIET K
JIOIIOJIHUTEIbHBIM TPYAHOCTSIM. C BIIMCAHHBIME yTJIAMHU 3TOIO HE IIPOUCXOJINT.

ITpeoGpaszyem dopmyiy (5). Haunem ¢ 6osiee CI0KHOTO HHTErPAJIa

Ok+1

S(k / / /sm Op+1 —0)dOy ... dOk ...d0,, 1<k<nmn. (6)

BobruncuM npeasapuTeIbHO 0 HHAYKIUNA BCIIOMOTATeIbLHYIO BeJTTIUHY
y
1
—'x sin(y — z)dz, 0 < r <n.
0

Baza unaykiuun cocrout B ToM, uto Io(y) = 1 — cos(y), I1(y) = y — sin(y). Uarerpupys
[0 YaCTAM, TIOJIy9aeM PEKYPPEHTHOE COOTHOIIEHUE

L(y) ==y —IL_2(y) mpu r>20<y<m.

r!

C ero moMomipIo moJtydaeM cieayomnie (hopMyJibl IPU JIFOOOM HATYPATLHOM 171

Iom = —1)’ 2m—2j 1 m+1 .

2m(Y) ]E:O( ) am—21Y + (=1)"™ " cosy; (7)
= 1N = 2mF1-25 _1\ymA1

Iom41(y) ;:O( 1) emr1- Y + (=1)"*siny. (8)

Hpyroii, 6oee yTOMATENIbHBIA IIyTh IOIyYeHHs STUX (HOPMYJI — HCIOIL30BAHEE
coorHoutenus (2.633) u3 [6].
Bepremcst K (6) U BBIIOJIHEM HHTEIPHPOBaHUeE 10 HepeMeHHol 6. Torna mosrymm

T [
S(k):/... / T (Oks1)dOsr .. Oy, k> 1. ©)
0 0

BBe,ZLeM BCIIOMOT'aTEJIbHYIO BEJIMIUHY

T 0, 62
)://.../sin91d91...d@,«_ldﬂ,« npu 1> 1,
00 0
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nomaras T (0) = 0. IIpsimoe Beramcsrenne gaer T (1) = 2. Ilpu r > 2 caenaem 3ameHy
HEPEMEHHBIX @, = T — §,, TO3BOJIAIONLYIO [EPEBECTH NHTETPHPOBAHNE CHHYCA B KOHEIL.
TTonywaem

T 0, 22

r)://.../sm01d01 .dO,_1d0, 7// /511131d51 .ds,_1ds, =
0 0 0
i T g1
/511131d51/ / ds, ...dsy :/0 msins ds = I._1(m).
0

Iosromy, uctiosssyst dbopmyssl (7) u (8), mosrydaem, 9To UpU JIOOOM HATYPAIHHOM M

T (2 1) =D, — - 2m-2j 1
(2m 4 1) = Ipp(m) +]§::O @m 2])7T ; (10)
m 1
T (2 2) = I, _ 1 J 2m+1-2j 11
o 2) e () j:0< ) (2m+1—2j)!7r (11)

EILLG IIPOIIe BBIYUC/ILAETCA UHTEerpaJl

T On 02
// /sm 0,d0; ...d0p_1dB, = I,_1(7) = T(n).
0 0
[Tocnemqauit narerpa, KOTOPBI HAM MOHAIOOUTCS TIpu T > 1, — 39TO

Tenepn Mbl MoxKeM BbraucauTh S (k) upu gobom 1 < k < n. Ioxcrasngas B dopmy-
ay (9) serpaxenust 171t I,_1(0k+1) 3 (7) u (8) u MHTErpupys UX MOYWIEHHO C yYETOM
HailleHHbIX Bbinie dhopmyst s T (r), moaydaem

02
/cos 01d6y ...d0,_1d0,. =T (r —1).
0

= 1) —————— 1% _1ym+l o B

72( ! (n—1=2j)" + ()" T (n =k —1) mpu k= 2m + 1,
- 1

= n—1-2j m+1 B

72 mw T+ (=17 T (n—k) npu k = 2m + 2.

| ¥
=)

n—1
Teneps Hadinem » . Si. PaccmoTpum deTHbI 1 HevdeTHbIH caygan. Ilycts n = 2p+2.

k=1
Torma
n—1 P
1 21 +1 , +1
7" 2(—-1) n—2j—2 —1)PTT(0).
> 5=2 0 gy +z j-2)+ (-1 T ()
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IIpeobpasyem BTOpYyIO CyMMY:

p—1 p
21T (-2 —2)=> 2(-1)" T (2k) =
j=0 k=1
p—1 r—1 k 1
_ ) 2]{3 2 =9 p k43 2k+1-25 _
> 2(-n" + >0 (- 2k +1—25)"
k=0 k=0 j=0
L 1 1
=9 2r+1 —9 p—r 2r+1'
;}; 2r+1)! Z @r+ 0"

Tlosyuaercsi, aro

p
1 2j—1 p—r 1 2r+1
’IL 2 - T .
=) (- n72372) + Z @t

j=0

n

B
Il
—

IIycts Teneps n = 2p 4+ 1. Torma

n—1 p—1
; 1
S, = -1y P 2j—1 2 j+1 n—2i—292).
g_l k JE:O( )(n72‘772 +§ J—2)

IIpeobpasyem cHOBa BTOPYIO CyMMY:

p—1 P
> 21T (n—2j-2) :Zz PR 2k —1) =
7=0 =1
p—1 p—1 k
=N 2(-1)P*T2k+1)=2 —1)PF 2k—2j
Z (-1) (2k+1) (-1 * Z 2h = 23)
k=0 k=0 j=0
p—1 k 1 p—1 1
=23 [ (=P +) (-1 7r27> P42 Z T
| |
( =] )
Oxka3bIBaeTCs, 9TO
n—1 p—1 1 1
— -1 J n—2j—1 ) 9 p—r 27"'
;S’“ ;)( L Py T +2p (-1 + Z "

Bosspamasics x dopmyste (5) st mepumerpa u cobupasi BOGIUHO BCe €€ COCTABHBIE
9aCTH, TOJIy9IaeM II0C/Ie HEKOTOPBIX NpeobpasoBaHuii okoHIaTeabHo Gopmyssl (3) u (4).
DopMyJIBI It CPEJTHETO 3HAYECHHS IEPUMETPA TIOJIY ICHBI. O

BpayH TaK2Ke JaJl YUCJACHHbIC 3HaYCHNUA YKa3aHHBbIX BBIIIEC CPEIHUX 3HAYEHNN IIJIO-
mamu (1) u (2) mpu n < 32. IlpuBesieM U Mbl HECKOJIBKO IIEPBBIX 3HAUEHUI CPeHEro
nepuMeTpa;

_ o3l my\ __ 12
EP; =235 (%) = 12 ~ 3.820,

1!

EP; =24 (—2 4 T7) ~ 4.543,
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EPs =25 (— 7 + 1)) ~ 4.992,

EPs =285 (2 — I 4 1) ~ 5.289,

EPy =225 (& — o0+ T0) ~ 5.494,

EPs =28 (—2+ 5 — 20 + %) ~ 5.644 m w1,

3. CxonoumocTh cpeagHero nepumMerpa K npejeny. [IpesenpHoe moseeHme pas-
HOCTH MaTEMaTUIeCKOTO OXKUJIAHUS IMePUMETPa BIMCAHHOTO MHOTOYTOJbLHUKA U JIJIMHBI
OKPYZKHOCTH TIOXOKe Ha IIPeJIeIbHOE TIOBeJIeHNEe Pa3HOCTH MATeMaTUIeCKOTO OXKWIAHWS
[UIOTIAIN BIIMCAHHOTO MHOTOYTOJBHUKA ¥ IJIOMAINA OKPYKHOCTU. JIrHa Iyru e uHnd-
HO# OKPY2KHOCTH, 33]aBAEMOI IEHTPATBHBIM YIJIOM , cocTasiisieT 6, B TO BpeMsi KaK JJIv-

6

Ha COOTBETCTBYIOIIEN XOPJbI COCTABJSET 2 Sin g, TaK 4TO UX PA3HOCTH paBHa § — 2sin 3-

VaureiBas pasjioXKeHue CUHYCa, B PsiJl, MOYKHO IIPEJCTABUTD Ty Pa3HOCTH B BUJIE
S 6°
f—2sin—- =— —
2 24 1920
YTO ACHMITOTHYECKH SKBUBAICHTHO 03 /24, Koraa n — 00, a HanbOJIBIINIA yTOJI CTPEMUT-
ca x 0.

Orcioza ciiesiyer, 9T0 pa3sHOCTh YKA3aHHBIX JJIMH IIPOIOPIMOHAILHA KyOy [eHTPaJIb-
HOTO yTJIa, OMUPAIOIIETOCs Ha JAHHYIO YTy, IPUYIeM 3TO BEPHO Kak JJIs MPaBUILHOTO,
TaK U JJIsI CIy9aifHOTO MHOTOYTOIbHIKA. TakuM 00pa3oM, pa3HOCTh IEPUMETPOB OKPY K-
HOCTH ¥ BIMCAHHOTO CJIyYaifHOT'O N-yTOJbHUKA IPUOJIMAKAETCS CyMMOI KyOOB YIJIOB MeXK-
Jly COCEHMMU BEPUIMHAMU C IMCJIOBBIM KO3 dunuentom, pasubim 1/24. TTockoabKy B
JTIaJIbHERIIIEM HCCJIEyeTCsl OTHOIIIEHNE PA3HOCTU IEPUMETPOB, 9TOT KO3DUIMEHT, BO3-
HUKAIONMNI KaK B YUCUTENE, TAK U B 3HAMEHATE e APOOH, MOXKHO HE YINTHIBATD.

W3mennm Temepb HOPMUPOBKY W PACCMOTPHUM YTJIbI KaK BBIOOPOTHBIE MTPOMEXKY TKH

(cueiicunrn) ua orpeske [0, 1]. Cymma Ky6oB yIJIOB, COOTBETCTBYIOIIAS IPABUIILHOMY -

1
n

+...,

3 —2
YTOJIBHUKY C IIEPUMETPOM (), COCTABIISIET n( ) = n~“. Napmmu crioBamu, 27 — Q) ~
n2 opu n — Q.
C apyroit cTOPOHBI, cpejiHee 3HAYEHNE CYMMbBI KyDOB 9JIEMEHTOB CJIydaifHOro pasou-

€HHUs eJIMHUIHOIO OTPEe3Ka Ha n uacTeil HalijeHo Bpaynowm B [5]. Tam soka3aHo, 9TO 9TO

3Ha4YeHUEe paBHO m. Cnenosarennho, 2w — EP, ~ 6n 2 upua n — Q.
OTCIO,H& BbIT€KaeT OKOHYATEJIbHO, 9TO
. 2n—LP,
lim —" =6. (12)

n—oo 2T — Qn

Ipesnenbroe cooTHOMmEHHE (12) TONHOCTHIO COOTBETCTBYET AHAJIOTMIHOMY COOTHOIIEHUTO
JUTsT CITydaifHBIX IUIOIAJIel, yCTaHOBJIEHHOMY B [5].

4. Cpennee 3HaUYeHUE CyMMBI KBa/IPATOB CTOPOH CJIYyYailHOIO BIMCAHHOTO
TPEYroJIbHUKA. YKa3aHHBIM BBIIIE IyTeM MOXKHO PellaTh U ITOX0XKue 3ajadn. V3sect-
HO, YITO CPEJH BCEX BBIMYKJIBIX MHOTOYTOJILHUKOB, BIUCAHHBIX B JIAHHYIO OKPY?KHOCTD,
MaKCUMaJIbHAs CyMMa KBAJPATOB JJIMH CTOPOH Yy TpeyroJbHuKa |7, 3amada 57556]. deao
B TOM, 9TO OJ1arojilapsi TeopeMe KOCHHYCOB CTOPOHBI MHOTOYTOJIbHUKA, Hanpumep, BC u
C'D, 3ax/II09aI01ue TYIOI YyIoJI, MOXKHO «CIPSIMHUTh», 3aMEHUB UX CTOPOHOI B D, mpudem
|BD|? > |BC|? + |CD|?, u nposiosizKaTh 3TOT TIPOIIeCC, MOKa Mbl He TIPHJIEM K TPeyTro/Tb-
nuky. Cpe/in Bcex TPEYTrOJIbHUKOB YKA3aHHBI MAaKCHMYM JIOCTUTAETCs Ha IIPABUIBLHOM
Tpeyrosbauke ([8, 3amada 2.44| u [9, 3amada 18]) u pasen 9.
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Ho kakoBo cpejiHee 3HaUeHHE (12 CyMMBI KBaIPATOB CTOPOH CIyYailHOrO BIICAHHOTO
Tpeyroibuuka? PaccyKaas Kak B HavaJje 3TOi pabOThl, MbI IPUXOIUM K (DOpPMYyJIe

T 0o

p = %//{sinQ(az —61) +sin? 0 +sin® 0y} db,dfy = 6.
™
0 0

WMurerpupoBanne BBIIOJIHAETCS JIETKO BBULY TPOCTHIX (hOPMYIT

™ Yy ™ Y T Yy 1
/ / sin?(y — x) dxdy = / / sin z dedy = / / sin?y dedy = ~72.
o Jo o Jo o Jo 4

B pesynbrare cpenmee 3HaMEHWE CYMMBI KBaIPATOB JJIMH CTOPOH CIYyYIAHOTO Tpe-
YTOJLHUKA, COCTABJSAET 2/3 OT ee MaKCUMAJBHOrO 3HadYeHud. J[jig mepumerpa, Kak Mbl
BU/JIEJIN, 9TO OTHOIIIEHNE PABHO 4/77\/§ ~ 0.735.

5. Bakmodenne. B nanHoil paboTe ObLIO HAJIEHO TOYHOE BhIPAYKEHUE JIJIsl CPEeHe-
0 3Ha4YeHMs IIepUMeTpa BBIIIYKJIOI'0O MHOIOYT'OJIbHUKA, BEPIINHBI KOTOPOI'O PABHOMEPHO
pACIIpesieSIeHbl M0 OKPYXKHOCTH. DTO MPEJCTABJIEHNE TEHHO B CHJIy MPOCTOTHI BBIYUC-
Jlenusi. B jiomosiHeHre K 3TOMY OBLIO BBIUMCJIEHO CPE/IHEe 3HAYEHUE CYMMBI KBaJPAaTOB
CTOPOH CJIyYalHBbIX BIUCAHHBIX TPEYTOJBHUKOB C PABHOMEPHBIM DPacIIpeesIeHHeM Bep-
muH. BBITO TakKe YCTaHOBJIEHO, UTO MATEMATUIECKOE OYKIJIAHNE PA3HOCTH MTEPUMETPOB
OKPY2KHOCTHU U CJIyIAHOTO MHOTOYTOJIbHIUKA ACUMIITOTUYIECKH B 6 pa3 OoJibIlle pa3HOCTH
IIEPUMETPOB OKPYZKHOCTHU U IPABUIBHOI'O MHOTOYT'OJIbHUKA, YTO ITOJIHOCTHIO COOTBETCTBY-
€T U3BECTHOMY paHee COOTHOIIEHUIO JJId IO Iei.
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Suppose we put on the unit circumference n independent uniformly distributed random
points and build a convex random polygon with the vertices in these points. What are the
average area and the average perimeter of this polygon? The average area was calculated
by K. Brown some years ago. We calculate the average perimeter and obtain quite similar
formulae. In the same time we discuss the rate of convergence of this value to the limit. We
evaluate also the average value of the sum of squares for the sides of the inscribed triangle.
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