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Pabora cBA3aHa ¢ BOIPOCAME 3aMKHYTOCTH JIEMEHTAPHON CeTH. DJieMeHTapHasl CeThb (CeThb
6e3 muaroHasnn) o = (045 )i AAAUTUBHBIX IOATPYIII 055 N0JIsl k HA3bIBAETCsI 3AMKHYTOH, ec-
JIM 3JIeMeHTapHasi cereBasi Ipyliia F (o) He COIePKUT HOBBIX 3JIEMEHTaPHBIX TPAHCBEKIHIA.
DuieMeHTapHAs CeThb 0 = (0;;) HA3BIBACTCS JIONOIHIEMON, €CJIN JJIsi HEKOTOPBIX AJJIATUB-
HBIX HOJAIPYII 0y noist k tabmuna (¢ guaronansw) o = (045),1 < 4,5 < n, sBisercs
(mostaol) cerbro. JlonosHsieMble 3jIeMEHTApHBIE CETH SIBJISIFOTCS 3aMKHyThiMu. HeoGxomu-
MBIM M JIOCTATOYHBIM YCJOBHEM JIOMOIHAEMOCTH SJIEMEHTAPHON cetn o = (0y;) ABIAETCA
BBIIIOJIHEHUE BKJIOYEHUH 005,04 C 045 (st mobbix i@ # j). Vcenenyercst Bonpoc (Ko-
YPOBCKasl TeTpajib, Bonpoc 19.63): BepHO Jii, YTO JIsl 3aMKHYTOCTH 3JIEMEHTAPHON ceTn
0 = (04;) JIOCTATOMHO BLINOJIHEHNs BKIIOMeHHit 0;;0j; C 0y; 1715 M0BLIX i # j (31€ch 1e-
pe3 afj 0603HAYAETCS aJIITATHBHAS TIOArPYIIIIA MOJIs K, TOPOXK/ICHHAS KBaIpATAMK U3 05 )7
DJjieMeHTapHbIe CETH, JJIsi KOTOPBIX BBIIIOJIHEHBI [TOCJIE/{HIE BKJIIOUEHNSI, Mbl HA3bIBAEM CJIa-
00 IOMOTHAEMBIMHU JIEMEHTAPHBIMU ceTsiMu. [lousaTns momosHsaeMoit 1 ¢1a00 AOMOTHIEMO
3JIEMEHTAPHBIX CeTeil COBIAJAIOT IS ITOJIell HeYeTHON xapakrepuctuku. Takum obpaszom,
VIOMSIHYTBIH BOIPOC JIOCTATOYHOCTH CJIA0ON JIOMOJHSEMOCTH [JIsi 3aMKHYTOCTH 3JIEMEH-
TApHOI ceTH akTyaJieH mjist noseit xapakrepuctuk 0 u 2. B macrosmeit cratbe s moJieit
xapakTepucTuK 0 U 2 CTpOsITCS IprMephl c1abo JONOJIHAEMBbIX, HO He JOHNOJIHAEMBbIX JJIe-
MeHTapHbIX cereil. CTPOUTCsI HpUMEDP 3aMKHYTOH 3JIEMEHTAPHON CETH, KOTOPasi He sIBJISI€TCST
€J1a00 JIOIOJIHSIEMOIA.

Knarouesvie caosa: cetu, KOBPBI, 9JIEMEHTapHAas CeTh, 3aMKHYyTasl CETh, JIOIOJHSIEMAs CETh,
3JIeMeHTapHas ceTeBas IPYIIa, TPAHCBEKIINUS.

1. Beenenne. DiemenTapHas ceThb (ceTb 6e3 numaronanu [1, 2|) o = (045)i; anmm-
TUBHBIX HOATPYIIIL 0;; 1O K HA3bIBAETCH 3AMKHYTOM, €CJI dJIEMEHTAPHA CETEBasI IPYII-
na FE(o) He comepKuT HOBBIX 3JIeMeHTapHBIX TpaHcBekuil (cM. [2-4], [5, Bonpoc 15.46]).
DiemenTapHas ceTb 0 = (0;;) Ha3bIBAETCA JOLONHAEMOMN [3, 4], eciam [yIs HEKOTOPBIX
aJUTHBHBIX HOATPYNI 0 oA k Tabmuma (¢ mmaroHansio) o = (0y5),1 < 4,5 < n,
sBJsiercs (1IoJIHOi) cerbio. VI3BeCTHO, UTO JOIO/HIEMbIE 3JIEMEHTAPHBIE CETU SIBJISIOTCS
3aMKHYTHIMU. HeoOX0AMMBIM U JOCTATOYHBIM YCJIOBUEM JOTOJTHIEMOCTH 3JIeMEHTAPHOM
cett 0 = (0yj) ABJISIETCS BBIIOJHCHUE BKIIIOUCHUI 0;;0,;0:; C 04 (yist JOOBIX § # j).
B sroit cesisu npencrasasier uaTepec Bonpoc . H. Hyxuna (Koyposckast Terpasp |5,
Borpoc 19.63], cm. Takxke [6]): BepHO Jsim, 9TO Iy 3aMKHYTOCTH 3JI€MEHTAPHON CeTU
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0 = (04j) JOCTATOYHO BBIIOJIHEHUS BKJIIOUCHIN afjaﬁ C 0y muas mobbIX ¢ # j (3mech
qepes Ufj 0003HAYAETCS AIIATUBHAS [TOJIMPYIINA TOJIsT k, TIOPOKICHHAST KBAIPATAMHA U3
04;)7 DileMeHTapHBIC CETH, [l KOTOPBIX BBIIOJIHEHD] OCICAHIE BKIIIOUCHNs, Mbl HA3bI-
BaeM C€JIab0 JIOTIOJTHAEMBIME 3JIEMEHTAPHBIMU ceTaMU. [loHATUSA JomosHseMoit u crabo
JIOTIOJTHSAEMOM 3JIEMEHTAPHBIX CeTEll COBIAIAIOT JIJIsl MOJIeH HEYETHOW XapaKTEPUCTUKU.
Takum 006pa3oM, yIOMSIHYTBI BOIPOC JTOCTATOYHOCTU CJIA0ON MOMOJTHAEMOCTH IS 3a-
MKHYTOCTH 9JIEMEHTApPHOI CeTH aKTyaJieH Jjis moJeii xapakrepuctuk 0 u 2. B nacrosieit
3aMeTKe JJIs ToJiel xapakrepucTuk ) 1 2 Mbl CTPOUM IPUMEPHI CJIA00 JTOMOTHIEMBIX, HO
He JOTOJIHIEMBIX 3JIEMEHTapHBIX ceTeli. Ha i mojieM XapakTepucTuKy 2 CTPOUTCS IPUMED
3aMKHYTOI 9JIeMEHTAPHON ceTH, KOTOpasl He sIBJISIeTCsl cJ1abo0 JIOTOJTHSIEMOIA.

Mpbi mosib3yeMcesl CIIeYIONMME CTaHIapTHRIME obo3Hadenusimu. Ecmu A, B — nof-
[PYIIBL &JIUTUBHOM IPYNObL 10Jist (UM KOMMYTATUBHOIO KoJiblia) k, To uepe3 AB Mbl
oboznauaem noarpyuiny AB = (ab: a,b € A),q agauTUBHON IPyNIBI 0JA K, TIOPOXK-
JIEHHYIO BCeMH npomusseneHusamu ab,a € A, b € B. Jamee, uepes A? mbl 0603HaUACM
ajyturusayio noarpynny A% = (a? 1 a € A),q 1o k, HOPOXKICHHYI0 BCeMHU KBa[paTa-
vu a?. deno, uro A2 C A - A, npudem ecim chark = p— HedeTHOe IIPOCTOE UUCIIO, TO
A% = A- A. Tlyctb e — eMHUYHAs MaTPHIA TOPAJIKA N, €;; — MATPHUIA, Y KOTOPOil Ha
nosurmu (4, j) cTouT 1, a Ha OCTAJBHBIX MecTaxX Hyaw; t;j(a) = e + ce;j, a € k, — aie-
MEeHTapHas TpaHCBeKIwus. JIJis1 9/leMeHTapHOM CeTH 0 MBI PACCMATPUBAEM 3JIEMEHTAPHYIO
ceresylo rpynny E(o) = (t;;(€) : £ € 045, 1 <i#j<n).

2. Daemenrapubie cetu (koBpbl). Cerb, paccMarpuBaeMas 6e3 [UATOHAJM, Ha-
BBIBAETCS IAEMEHMAPHOT cemvio (aaemenmaprovim Kospom) [1, 2|, [4, Bopoc 15.46]. O1-
MeTuM, 9To B [1] Takasi ceTh Ha3bIBAETCST «CETHIO €3 muaroHan». Takum o6pasoM, sJie-
MEeHTapHasl ceTb —3T0 Habop o = (0y5), 1 <14 # j < n, aJAUTUBHBIX IOAIPYII IO K,
TSI KOTOPBIX 040y C 05 IIst JIF0O0H TPORKH MOMAPHO PA3IMTIHBIX HATYPAIbHBIX THCeT
iﬂ",j, 1 < iaraj <n.

DeMeHTapHAs CeTh 0 = (05 ) HA3bIBAETCA JONOAHAEMOT, €CIIN [J1S HEKOTOPBIX a1~
TUBHBIX HOIATPYINI 0y; HoJs k Tabumia (¢ auaroHanbio) o = (0;5),1 <4, j < n, aBsgercs
(mostHoO#) ceThro. Jpyrumm cioBaMu, sJeMeHTapHasl CeTh 0 ABJSAETCS JIONOJIHSIEMON, ec-
JI ee MOYKHO JIONIOJIHUTH (JMaroHasbio) no (mosHoit) ceru. IlpuBesem HeoOGXouMBbIE U
JIOCTATOYHBIE YCJIOBHSA JIOTOJHAEMOCTH SJIEMEHTAPHON CETH.

IIpennoxxenme 1 [1, §3|. Dnemenmaprasn cemov 0 = (0;5) asasemca donoanaemol
mozda u moavko moezda, K020a 0;;j05;0;; C 055 0aa mobwxr i # j. IIpu svnoamnenuu
YCA0BUT, DOMONHACMOCTIU QUGZOHANLHDBIE TLOOZDYNMbL Ti ONPEJEAAOMCEA POPMYNOT T5 =
2 kti OikOki, 20€ cymmuposanue bepemces no 6cem k, omaunvim om i.

Onpeznenenne. DieMeHTapHas CeTb 0 = (0;;) HA3BIBAETCS €Aa60 JonoanAemot,
ecy J?jaji C 0y Ayist MOOBIX 4 # j.

Tak Kax U?jaji C 04j04i04j, TO U3 BKJIIOYEHUA 04;0;;0;5 C 035 CJElyeT BKIIOYEHUE
02.0j; C 0;;5. ClieloBaTesIbHO, COTIACHO TIPEITIOKEHNIO 1 BeAKast JIONOHsAEMAast SIeMeH-

J
TapHasd CeThb ABJIAETCHA cJjrabo ILOHOJIHSIGI\IOP'I. HOSTOMy MBI UMeeM BKJIIOYCHUE

donoansemovie an. cemu C cAab0 0ONONHAEMDLE JA. CEMU. (1)

Ecau k — nosie HeweTHOH XapaKTEpUCTUKHU, TO HMOHSTHSA JIOIOJHAEMONR 1 c1abo JI0IoJI-
HsIEMOI 9JIeMEeHTapHBIX cereli copnaarT. Himke (npemioxkerne 3 u ciieIyromiee 3a HIM
3aMeYaHue) MbI IIOKayKeM CTPOrocThb BKJtodeHus (1) s mouieii xapakrepuctuk 0 u 2.
A umenno, g noseit xapakrepuctuk 0 1 2 MbI HOCTPOUM 3JIEMEHTAPHYIO ceTh (cM. (2)
HIZKE), KOTOPAas ABJISETCS CJIa00 JOTOJHAEMON U HE SIBJISIETCH JOOJHIEMOI.
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ITycrs F — koMMyTaTUBHASI 067aCTh NEJOCTHOCTH ¢ 1, R = F|21, %2, . .., Ty] — KOIb-
[0 MHOTOYJIEHOB OT IEPEMEHHBIX I1,..., T, ¢ Koaddumumenramu u3 F. HamommamMm, aro

(HOJTHOM) CTENEHBIO OHOWIEHA Ti' ... T HA3BIBAETCH TUCIO i1 + ...+ ipn, & (MOIHOIL)

crenenbio deg(f) menynesoro muorowrena f = f(x1,2a,...,%,) € R Ha3biBaeTcd Makx-
CHMaJIbHAsl U3 MOJIHBIX CTEIeHedl ero OJHOWICHOB (C HeHyseBbIMU Kodbdduimenramn).
Hasee, nyist Henysnesoro Muorowiena f = f(xy,za,...,2,) € R 1epes v(f) obosHaunm
MUHUMAJIbHYIO U3 TIOJIHBIX CTEIEHEH OJJHOUICHOB (¢ HeHyIeBBIMU KO3 MUIUEHTAMME ), BXO-
nanwx B f € R. fcno, uro v(f) < deg(f). Haupumep,

f=2+yz+2%2 v(f) =0, deg(f) = 3; g=ay+azyz?, v(g) =2, deg(g) = 4.
HyCTB m — IeJioe HeOTpUullaTeJIbHOE YUCJIO. TTosoxxum
R, :{f:f(xhx%"'axn) €ER: V(f) Zm}U{O}

({0} — HyseBo# MHOTOUIIEH).
SAcHo, uro R = Ry = Flz1,22,...,2,) U Ro DRI D Ra D ...

Jemma 1. Eeau fg € R, f # {0}, g # {0} u f # —g, mo v(f +g) >
min(v(f),v(g)). B wacmnocmu, R, — addumuenas nodepynna xoavua R = Ry. [a-

aee, Ry Ry, C Ryin (M, n — ueavie neompuyamenvhnue). Caedosamenvho, R, — udeas
xoavua R = Flx1,22,...,Tn].

3. Cyjabo pomosiHseMas CeTh HaJ MOJIeM HYJIeBOW XapaKTepuctuku. [Ipu-
CTYIIUM TeIephb K MOCTPOEHUIO TPUMEPOB, 3asBJIEHHBIX BO BBegeHnn. PaccMOTpUM KOJIBITO
MHOrOwIeHOB R = Ry = Z[z,y, 2] OT Tpex nepeMeHHbIX € IeJIbIMUA Ko duineHTaMmu 13
Z, k—noge gacTHbIX KOJbIa R. ITosoxum

Ry ={f=f(z,y,2) € R: v(f) =2 4} U{0}.
Paccmorpum aiTMTUBHYIO TOATPYIITY
B =7x+Zy+ Zz + Zay? + Zx2? + Zyx® + Zyz? + Zza? + Zzy*+
+ Za + Zy® + 723 + 2Zxyz + Ry.

Jlemma 2. ITyemo f,g € B, mozda
1) f2 € Za? + Zy? + 72 + 272y + 2722 + 2Zyz + Ry;
2) f2g € Za® + 7y + 723 + Zay? + Zaz® + Zyx? + Zyz? + Zza® + Z2y? + 2Zxyz + Ry.

JOKABATEJILCTBO. Ecan f,g € B, To
[ =miz+moy+msz + 1, g=nx+noy+nsz+a, 1,92 € Ra,
rie m;,n; € Z. Torna
f? € Za? +7y? + 72% + 2Zxy + 2Zx2 + 2Zyz + R4.
OTcroia 0YEBUIHO BBITEKAET BTOPOE BKJIIOUEHUE
29 € Za® + 7y + 72 + Zay? + Za2® + Zya® + Zyz* + Zza? + Zzy? + 27xyz + R,.0

IIpennoxxenne 2. Hmeem exarouenue B2 - B C B, npu smom nodepynna B - B - B
He codepotcumesn 6 nodepynne B.
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JIOKABATEJIbCTBO. DJieMeHT xyz cojepxkurcs B B - B - B u He comepxkurcsa B B.
ITostomy B - B - B He comepxurca B noarpymie B. Bxmouenue B? - B C B BBITeKaeT n3
JgemMmbl 2. O

IIpengioxxkenmne 3. Tubruua (nopadka n > 2)

* B R4 e R4
B * R4 N R4

T = R4 R4 * e R4 (2)
Ry Ry Ry ... %

ABAAEMCA INEMEHMAPHOT cembro. Jlasee, INeMERMAPHAA CEMB T ABAAEMCA CAAO0 00-
NOAHAEMOT U HE ABAAEMCA JOMONHACMOT IAeMeRMapHoti cemvro. Taxum ob6pazom, das
noas nyae6ol xapaxmepucmuky sxmovernue (1) asasemes cmpozum.

JIOKABATEJIBCTBO. B cuny jgemMbr 1 Tabsauia 7 sBJISETCS 3JIEMEHTAPHON CeThIo.
Hautee, noKa3aTeIbCTBO BhITEKaeT U3 mpeioxkenuit 1 n 2. [

Sameuanwne. [Ipumep, anasorudnbii nocrpoeHHoMy (cM. moarpymmny B st ciiy-
vyasi Z u ceThb (2)), COpaBeyIuB M JUIsl TOJIsl YeTHON XapaKTePUCTUKY (371eCh CJlaraeMble
noarpyunsl B, comepzxkamue 2, paBub 0).

Pacecmorpum kourbrio muorowienos R = Ry = Fafz,y, 2] or Tpex nepeMeHHbIX
ko dunmenramu u3 nous Fo (13 AByX s/1eMeHTOB), k — 1016 9acTHBIX KoJblia R. Tasee,
PacCMOTPUM A IUTUBHYIO TOTPYIIILY

B=TFsx+lFoy+Faz+ [Fggz:y2 + Foz2? + [ngaz:2 + [ngz2 + Foza? + [ngy2+
+ Fox® 4 Foy® + Fo2® + Ry

(R4 oupejiesisieTcst Kak ¥ BBIIIE B IPEJBIIyIEM IyHKTe). Torma Jyist TOCTPOeHHOM 1101
rpynnbl B (M COOTBETCTBEHHO JIJist 9JIEMEHTApHOM ceTn (2)) crpaBeyiuB pe3ysibTaT IPejl-
JIOYKEHUS 3.

4. 3aMKHYyTas 3JIeMeHTapHas ceTb (HaJ I0JIeM XapaKTePUCTUKU 2), KOTO-
pasi He siBJIsIeTcsl cjabo gorosiHsieMoii. B nose k = Fo(z) panuonanbubix dyHKImit
57 fsg € Fax] ¢ koapdunuenramu u3z Fo paccmorpum Koabio R u ero uiean A:

R{ge[Fz(x):deggdengO}, A{gGl}_g(x):deggdengLL}'

IIycts nanee B = % + A —ajymnTuBHAS TOATpyIa KoJbiia R. Paccmorpum Tabiuiry
o = (0i;), 1 # j, nopsanKa n > 2, I KOTOPOii 012 = 021 = B u 0;; = A 17151 0CTaIBHBIX
1 # j. SIcHo, 9TO TaKMM 06Pa30M IOCTPOEHHAs TAbJINIA, SIBJISCTCS 3JEeMEHTAPHON CeThIO.

B pa6ore [4, npemnoxenue 6] mokazano cielyolnee npejioxKeHue.

Ipennoxkenne 4. IiemeHmapHas cemvb 0 ABAAEMCHA 3GMKEHYMOT U HE ABAAETNCA
caabo donoanaemot. B wacmuocmu, 6 cayuae noas wemmol Tapakmepucmuky u3 3a-
MEHYMOCTU 2AEMEHMAPHOT cemu He caedyem ee caabas JonONHAEMOCTD.

OrmeruM, uro B paborax [3, 4] npu onpesiesiernn Kosbiia R (B HaleM ciydae — 9T0
unean A) ponyiiena onedarka. [lpaBuibao mucath R = {5 € Fa(x) : degg —deg f > 4}.

5. 3akurouenue. B pabore paccmarpusaercs soupoc (Koyposckas rerpajpb, Bo-
npoc 19.63): BepHO M, 9TO I 3AMKHYTOCTH 3JIEMEHTAPHOI ceTn o = (O'ij) JIOCTATOYHO
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BBITIOJTHEHUS BKJTIOYCHUI afj 0ji C 045 Jis MOBBIX § # j (37ech depes afj 0003HAYAETCST
aJJUTHBHAs NOArPYIIIa HOJIs K, MOPOXKICHHAA KBaapaTaMu u3 0;;)? Mexons u3 mocmes-
HUX YCJIOBHii, B pabOTe BBOIUTCS MOHITHE CIa00 TOMOJHIEMOi demMmerTapuoii cetu. [lo-
HATHUSI JOTIOTHAEMON U CJ1a00 JTOTOTHSIEMOM STIEMEHTAPHBIX CETel COBITAIAIOT sl TTOJIeH
HEYETHON XapaKTepUCTUKU. VI3BECTHO, UTO MOMOMHIEMBIC JIEMEHTAPHBIC CETH 3aMKHY-
Thl. TakuM 0OPaA30M, YIIOMSIHYTHIN BOIIPOC JIOCTATOYHOCTU CJIADOU JIOMOJIHSIEMOCTH JIJIsT
3aMKHYTOCTHU JIEMEHTAPHOM ceTn akTyaJeH s noJjeit xapakrepuctuk 0 u 2. B Hacros-
melt cTaThe T moJieit xapakTepucTnK 0 1 2 TOCTPOEHBI TPUMEPHI CJIab0 TOTIOTHIEMBIX,
HO HE JIOTIOJIHSIEMBIX 3JIEMEHTAPHBIX CeTell; /I TOJIs XapaKTEPUCTUKU 2 — TPUMEDP 3a-

MKHYTOI 9JIEMEHTAPHO CeTH, KOTOPasi He SBJISIETCS CJIA00 JOITOTHSIEMOA.

ABTOpBI HitaroIapHBI pEIIeH3eHTaM 38 YKa3aHHbIE ONIEYaTKU U HEIOUETHI IIPU 0POPM-
JICHUU CTaTbU.
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An elementary net (net without a diagonal) o = (04;):%; of additive subgroups oy; of the
field k is called closed if the elementary net group FE(c) does not contain new elemen-
tary transvections. Elementary net o = (03;) is called supplemented if for some additive
subgroups oy; of the field k the table (with diagonal) o = (04;),1 < i,5 < n, is a (full)
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net. Supplemented elementary nets are closed. A necessary and sufficient condition for
the supplementarity of the elementary net ¢ = (oy;) is the implementation of inclusions
05053045 C 045 (for any ¢ # 7). In this regard the following question is of interest (Kourovka
notebook, question 19.63): ): is it true that for closedness of an elementary net o = (0y;)
it suffices to execute the inclusions afjaﬁ C o5; for any ¢ # j (here, by a?j we denote the
additive subgroup of the field k generated by all squares from o;;)? Elementary nets for
which the last inclusions are satisfied we call weakly supplemented elementary nets. The
concepts of supplemented and weakly supplemented elementary nets coincide for fields of
odd characteristic. Thus, the aforementioned question of the sufficiency of weak supple-
mentarity for the closedness of an elementary net is relevant for fields of characteristic 0
and 2. In this article we construct examples of weakly supplemented but not supplemented
elementary nets. An example of a closed elementary net is constructed, which is not weakly
supplemented.

Keywords: nets, carpets, elementary net, closed net, supplemented net, elementary net
group, transvection.
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