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Teopus dburyp HeGeCHBIX TeJI, HAXOISAINUXCS B COCTOSTHUU THAPOCTATUYECKOIO PABHOBECHUST
1o, IefiCTBUEM CHJI JABJIEHUsI, TPABUTAIIMOHHBIX M IIEHTPOOEXKHBIX, BO BTOPOIl TOJIOBUHE
XX Beka mpuHsiia GOPMY CTPOroil MaTeMaTuIeCKON TeOpUU, OMUPAIOIIENcsT Ha (DyHIaMEH-
TaJbHBble 3aKOHBI Gu3mKu. Bazknoe mecto B Teopum 3anumaer durypa ['ioiirenca—Porra,
BCsI Macca KOTOPOI COCPEIOTOYEHA B IIEHTPE, & PABHOBECHYIO (DOPMY IIPUHUMAET BPAIIAIO-
masicst armocdepa. CpoiicTBa (PUTYPHI TIATEHEHO U3yYeHBI. VI3BeCTHO, B YaCTHOCTH, UTO
KaxK/as n3obapa (IIOBEPXHOCTb PABHOTO JIABJICHUs) CaMa sIBJISETCS OJHOM U3 Tpexmapa-
MeTpHUecKoro cemeiicrsa nosepxHocreii ['toiirenca—Poma. OxHako BbIIyK/IOCTb (M ee
OTCYTCTBHE) B JIATEPATYPE He 06CYKIANACh, HACKOJbKO HaM M3BeCTHO. Mexy TeMm cpe-
v (bUryp paBHOBECHUsI BCTPEYAIOTCS W HEBBINYKJIbIE. B HACTOsAINEH cTaTbe Mbl HAXOIUM
KPUBU3HY MEPUIMOHAIBLHOIO CEYEHUs TTPOU3BOJIbHOM (urypsl ['toiirenca—Pomra kak B 3a-
MKHYTO# (bOpMe, TaK U € UCIIOIb30BAHUEM DsiJia [0 CTEIEHSIM OCHOBHOIO B TEOPUU (DUTYD
paBHOBecus apamerpa Kiepo. ¥Yiamocs 10Ka3aTh, YTO KPUBU3HA [TOJI0KUATEIbHA 1 OTesIe-
Ha oT HyJis. Takum o6pas3oM, Kazkas MOBEPXHOCTh U3 cemeiicTBa duryp [roitrenca—Pora
BBIIIYKJIA U HE UMeeT TOYEK YILIOIIEeHUs. Bojiee TOro, Hu OJ{Ha U3 KPUBBIX HA €€ TIOBEPXHO-
CTU HE UMEET TOYEK BBIIPSIMJICHUS.

Karoueswie caosa: dburypa pasHoBecusi, durypa [oiirenca—Poina, rpaBuTaimoHHbIil 10-
TEHIMaJl, KPUBU3HA IIJIOCKOU KPUBOM.

BBeII‘eHI/Ie. B Teopumn CI)I/Ipr HeOEeCHBIX TeJI, HaXOJAIINXCA B COCTOAHUU I'MJIPOCTa-

THYIECKOTO PABHOBECHS TIOJ, JIEACTBUEM CHUJI JABJIEHUSI, TPABATAIMOHHBIX U IEHTPOOEK-
ubix [1-6], BazkHoe MecTo 3anumaior dburyps [oiirenca—Poma [7, 8]. Ux cBoiicTBa Tia-
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Tes1bHO u3y4enbl. OJHAKO BBINYKJIOCTH (WM €e OTCYTCTBHUE) B JIATEPATYPE HE 00CyKIa-
JIaCh, HACKOJIBKO HAaM MU3BECTHO. MeX Iy TeM BBIMYKJIOCTb (DUTYyD PABHOBECHS HEOUEBH/I-
Ha. Bojee Toro, orBeTBIIsIONIEC OT dAIconia Makiiopena GpUrypbl MOryT He OBITDH
BBIYKJIbIMA [1, 2].

B macrosmeit craTbe MBI CBOJIUM 33189y MCCJIEIOBAHUS TPEXIIapaMeTPHIECKOro ce-
MeticTBa moBepxHOCTel ['roiirenca—Porma K nccies0BaHuio 0HOIAPAMETPUIECKOTO Ce-
MedicTBa KpuBbiX S(Q)), MOPOKIEHHBIX MEPUIMOHAIBHBIM CEYEHUEM [POU3BOJIbHON (hu-
rypsl ['ojirenca—Poma. 3arem naxomum kpususny S(Q) Kak B 3aMKHyTO# dhopme, Tak
U C WCIOJIb30BAHUEM PABHOMEPHO CXOJSINErocs Psijia II0 CTEIeHsIM OCHOBHOI'O B TEOPUU
duryp pasrnosecust napamerpa Kiepo ). ¥Yiamoch 10Ka3aTh, 9T0 KPUBU3HA OTIEJIEHA, OT
nyis. TakuM o6pa3oM, KaxkJiast TOBEPXHOCTDb u3 ceMeiicTBa dpuryp ['oiirenca—Porira BbI-
IIyKJIa U HE UMEeT TOYEK YIUIONeHus. BoJjiee TOro, HU OJ[HA U3 KPUBBIX HA €€ [IOBEPXHOCTH
HE MMEeT TOYEK BBITPIMJICHUS.

®urypa I'oiirenca—Poia. B sTom pazaese npuseiem n3BecTHbIE CBeIeHUS O DU-
rype [woitrenca—Porua [7, 8]. Ona upezcrasiser coboii purypy paBHoBecus HeGECHOIO
TeJia, COCTOSIIIErO U3 TOYEYHON MACChl, OKPY2KEeHHO# HeBecoMmoit armocdepoii. Tesio Bpa-
[AETCsT TBEPIOTEIBHO BOKPYT (PUKCUPOBAHHON B IIPOCTPAHCTBE U TEJI€ OCU C ITOCTOSIHHOM
yIJI0BOIl cKopocThio. HeBecoMocTb armMocdepbl 03HAYAET, YTO €€ BKJIAJIOM B I'DABUTAIIAIO
MOXKHO Tpenebpedb. OHAKO OHA 00JIaaeT OOBIYHBIMU YIPYTUMU CBOWCTBAMU, ITO3TO-
My MOXKHO roBOpUTH 00 u306apax (IIOBEPXHOCTAX PABHOIO JaBjeHus). VI3BecTHO, 9TO
OHU COBIAJIAIOT C SKBUJICHCUTAMH (IIOBEPXHOCTSIMU PABHOI IJIOTHOCTH ), HO HEBECOMOCTH
aTMOC(hEepBI JIeJIaeT ITO IOHSITHE HEOIIPEIeIeHHBIM.

Qurypa ['toiirerca—Polna siBjisieTcst TeJIoM BpallleHusl, CAMMETPUYHBIM OTHOCUTE -
HO 9KBATOPHAJIBHOMN ILIOCKOCTHU. TeM 2Ke cBOMCTBOM 00J1aJa10T ee n300aphl. JlocTaTodaHo
[T09TOMY OTPAHUIUTHCS €€ MEPUIMOHAIBLHBIM CeYeHreM. B MOJISTPHBIX KOOPIUHATAX YPaB-
nenue uzobapsl S(a, R, Q) umeer Bus

r = RaF(a,Q,0), (1)

riue
3sinu

F=——
Qa3/2sinf’

o 1 . 3/2 .
u = 3 arcsin (Qa sin 9).

3/1ech IPUHATHI CJIEIyIONe 0003HAYEHNS: ' — PAauycC, § — yTJIOBOE PACCTOSHHUE OT Ce-
BEPHOI'O 1I0JII0CA (JOII0JIHEHUE NIMPOTHI), @ — 0e3pa3MepHbIil napaMerTp, pas/inJaronmii
u306apsl, R — noJsipablii paguyc dburypsl, () — 6espasmephsiil napamerp Kiepo (¢ Tou-
HOCTBIO JI0 HODMUPOBKH ), XapaKTepU3yIOMuil ObICTPOTY BpaleHusl TeJa. llepeMeHHbIE
7 apaMeTpPbl M3MEHAIOTCHA B 3aMKHYTON 00J/1acTn:

0<o<m, 0<a<l, 0<Q<1. (2)
Ucnonb3ys npeAeabHbIil mepexo i pu obpainenun sin f, Q uin a B Hy/b, 0JaraeMm
F(Oana) = F(aaovg) = F(CL,Q,O) =1

IIpn @ = 1 nosy1aem HOBEPXHOCT PUrypBL S = S(1,R,Q), upu a = 0 — ee HeHTD.
Ouesngno, S(a, R,Q) = S(1, R, Q) upu

R = Ra, Q:QQS/Q.
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Kpome Toro, R urpaer HecyImecTBEHHYIO POJIb MACIITAOHOTO MHOXKHUTE/IsI. [loaToMy CBOII-
crBa cemeiictBa S(a, R, Q) cpasy BoiBougTCa u3 cBoiicrs cemefictsa S(1, 1, Q). Ilpu srom
no-nipexkaeMy umeem 0 < @ < 1.

Urak, mocrarogno nonoxkurb ¢ = 1, R = 1 B (1) u BMecTo TpexnapaMerpuyecKo-
ro cemeiicrBa S(a, R, Q)) U3y4uTh CBOMCTBA OJJHONAPAMETPHYECKOIO CeMefCTBa KPUBBIX
S(Q). Kaxnas kpusast ceMeficTBa 33/1aeTCsl ypaBHEHUEM

r=F(Q,0), 3)

rjie

3si 1
= %7 U= §arcsin(Qsin9).

Ilepemennbie M3MEHAIOTCH B 3aMKHYTOI 00J1acTh
0<f<m,  0<Q<L (4)

Bxopamasga B (3) dyuknus F B obnacru (4) pasiaraercd B psaj mo creneHam @ sind,
KOTOPBII MOXKHO IPEICTABUTL B BHJIE

r= Z anx’™, (5)

n=0

e ¢ = sin? 6, a K03 PHUIIEHTHI OIPEIESIOTCS BHIPAZKEHISIMIT

o GO E RN \/I
an =0, Q% by = nl(2n + 1)! (27) 167n3 B

2(3n+1)(3n+2)
In+1)2n+3) " Q

Acumuroruka (6) obecnednBaer paBHOMEDPHYIO OTHOCUTEJNLHO (), § cxomumoctsb psaia (5).
Opgnako y»Ke s IIepBoil mpousBoaHoit 1’ mo 6 3To He Tak. U meiicTBUTe/ILHO, HA 3K-
BaTOpe KacaTeJbHasl IJIOCKOCTh 1Ipu () < 1 mepreHauKy/spHa ILIOCKOCTH 9KBATOpa, HO
npu (Q = 1 skBarop ciayzkur pebpoM (urypsl. B aToMm ciydae yroa ¢ Mexkay npeielib-
HBIMHA MTOJIOYKEHUSAMUI KACATEIbHBIX IJIOCKOCTEH CEBEPHOTO M I02KHOTO MOJIYIIAPHIA JAeTCs
PABEHCTBOM

3amerum, 9TO

bp =1, bn-i—l =

2
= 2arctg — = 98°.21. 8
Y & 75 (8)

N3 (5), (6) caexyer, 4ro T CTPOro Bo3pacraer BMeCTE ¢ § OT IOJIOCA JI0 IKBATODA,
IprIeM

r>1, 9)
e PaBEHCTBO JOCTUTAETCA Ha IIOJIIOCaX.

HOJIS[I)HOG ckarue. Ilo OIIpeieJICHUIO IIOJIAPDHOE C2XKaTue paBHO PAa3HOCTU 3KBATO-
PHUaJIBHOI'O U ITOJIAPHOI'O PaJNyCOB B €JIMHUIIAX IKBATOPHUAJIBHOI'O paJinyca:

_F@m/2) - F(Q,0) . sin3¢
= F(Q,7/2) B 3sing’
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r7e BBezieHO obo3nadenne arcsin @) = 3€, () = sin 3€. Ilpocrast TpuroHoOMeTpHs MO3BOJISAET
BeiBectn u3 (10) mpeacraBienne

4
a= gsin2§. (11)

Takum 06pa3oM, ¢ pocToM () OT HyJIs J0 eIuHUIbL, cooTBercTBeHHO & 0T 0 710 /6, cokaTme
« Bospacraet ot 0 1o 1/3.

KpuBuzna. /lokaxkem BBITYKJIOCTh TPOU3BOIbHON puryps! ['oitrenca—Porra, s
9ero BBIUUCAMM KpuBu3Hy Kpupoii (3). ITo cummerpun ceBep — 0 MOXKHO OIPDAHUIUTHCS
YACThIO MEPUIUAHA OT CEBEPHOIO IIOJIIOCa 110 IKBaTopa, 0 < 0 < 7/2.

Kpusuzna K 1m10ckoii KpUBO# B MOJISIPHBIX KOOPJAMHATAX OMPEIEISIETCH OTHOIIEHIEM

[9, 10]

Ky
K=—1 (12)
KQ
rae
Ki=rKs+2r"”,  Ky=r*+r?  Kzy=r—1". (13)

Kpusas (3) ¢ pocrom 0 06xoures 110 gacosoii crpesike. [Tosromy B (12) npuHSTO IpaBmio
3HAKOB, 110 KOTOPOMY KPUBHU3HA CUNUTAETCS IOJOKHUTEJIHHON, €C/IN KacaTeslbHasl TOXKe
BPAIAETCH 110 IaCOBOU CTPEJIKE.

IIpu @ = 0, kak mokazano Bbime, 7 = 1 ToxkAecTtBenHo. KpuBas S cBomuTCd K
€IMHUTHON OKPY2KHOCTHU C €IUHUYIHON ke KpuBu3noii. Cunraem nmxke 0 < @ < 1.

Hepagsencrso (9) Breuer K»(Q,6) > 1. Hac unTepecyer ToabKo 3HaK K, moaromy
0 Ky M0xKHO 60JIbINIE HE YIIOMUHATH.

[Tponuddepennupyem (5) HOwWIEHHO:

r’ = 2cosl Z nana™ 2. (14)

n=1

U3 (6), (14) caexayer mosoxkuresbHOCTH 17 BHe 3kBaTopa. Ha sxsarope 1 = 0, ecin
Q < 1. lpu & = 1 wam, aro 1o ke, Q = 1,0 = 7/2, psin B (14) pacxoauTcst U HAIMIO
HeorpeiesieHHOCTh Bua 0 - 0o. Huzke mbl yBuguM, 9o ipu Q = 1,60 = 7/2 upousBognoit
HE CyIIECTBYeT, HO OJHOCTOPOHHWE IIPOM3BOIHBIC CYIIECTBYIOT H PaBHBI 7 = +1/3/2
B coracuu ¢ (8).

[Tponoszkum auddepeHimpoBaHue:

= 3"[@2n+ 1) (20 + 2)ang — dnPa,]a” (15)

n=0

Orcrona cornacuo (12) umeem

K3(Q,0) = > ha(Q)z", (16)
n=0
rje
hy = (4n* + a, — (2n +1)(2n + 2)an1 -

Ucnonbays pekyppeHTHOCTD (7), HOJIyIuM

42n+1)B3n+1)(3n+2)
9(2n + 3)
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Koadpdpumment hg momoxkuTenen:

19

Po(@ =1 5% minho(Q) = ho(1) = 12

Ipu n > 0 kospdunuent h, UpuHEMaeT HauMeHbIIee (OTPUIATENLHOE) 3HAYCHHUE IIPU

Q=1
34n — 19

9(2n +3) "
O6parum sBanManume, uto (18) crpasesymso u npu n = 0. B cuny acummroruku (6) psi
(16) cxomurcst aBCOMIOTHO U pABHOMEDHO B obaactu (4), mpudem

min i, (Q) = hn(1) = — (18)

min K3(Q,0) = K3(1,7/2).

Wrak, JOCTaTOYHO UCCIeI0BaTh MpeleabHyo KpuByto [oiirenca—Poma nmpu Q = 1
B JIEBOH MOJIyOKpecTHOCTH TOUKY O = 77/2. YpasHeHue (3) ynpornaercs:

. 3sin(0/3)

sin
BoIMucImM Ipon3BOIHEIE:
1 0 0
r = o7 (cos 3 sinf — 3sin§ 0050) ,
2 0 0 0
"= ——— [ 9sin - cos? § + 4sin - sin? § — 3 cos = cos O sin §
S d ( sin 7 cos + 4sin 5 sin cos g cosfsing ) ,
OTKyZa
K3(1,0) = ——— 6COSQCOSQSin9+SiHQSiD29 - 185in900529
ST Bsin® 6 3 3 3 '

Ipu 6 = 7/2 umeem

Orcrona ¢ yaerom (13) nosydaem

T N (5 B 5 I SR (5 B

3akJroyaeM, YTO KPUBU3HA [IOJOXKUTENIbHA U OTHeeHa oT Hyss. Kpusas S(Q) upu Bcex
JomycTuMbix () < 1 BBITyKJIa 1 He UMeeT TOo4YeK Bhinpsmiienus. [loBepxuocts [Molirenca—
Pora Beilyk/ia 1 He MMeeT TOYEK YILIOIIEHHs. Bojiee TOro, HU OJHA U3 KPHUBBIX Ha ee
[TOBEPXHOCTU HE UMEET TOYEK BBIIPSIMJICHUSI.

Bameuanwme. [Ipu Q = 1, kak orMedeHO BbIIe, Kpubas S(1) UMeeT yIIOBYIO TOUKY
upu 6 = 7/2, a durypa I'oiirenca—Poma — pebpo. Kpususny S(1) na sxBaTope ciemyer
HOHMMATD Kak mpees upu § — 7/2 £ 0. B mamem ciyyae 06a 0IHOCTOPOHHUX LPEIEsa
PaBHBI MEXKIy CODOIA.

B zakiitoueHue NpOWJIIIOCTPUPYEM YCTaHOBJIEHHbIe cBoiicTBa duryp [toiirerca—
Poma, Bospamasics K obmmemMy (¢ TOUHOCTBIO 10 Maciitaba) cemeiictsy S(a, 1, Q). Ha pu-
CYHKe CJIeBa IpeJCcTaBiieHo ceMelicTo nosepxuocreii S(1, 1, Q) duryp Ioiirenca—Poina,
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Mepuanonamnbubie ceuenns duryp Iofirenca—Poma. Crnesa — S(1,1,Q) ana Q = 0, 0.5, 0.7, 0.8,
0.9, 0.95, 0.99, 1. Cnpasa — S(a,1,1) nms a =0, 0.1, 0.2, 0.3, 0.4, 0.5, 0.6, 0.7, 0.8, 0.9, 0.97, 1.

rze @ uamensierca or nyid (cdepa) o exunuipt (burypa ¢ pedbpom). Ha pucynke crpa-
Ba IPEJICTABJIEHO CceMelcTBO n30bap upeeabnoi durypst S(a, 1, 1), rae a uamensercs ot
HyJis1 (TOUKa B IEHTPE) JI0 eJuHUIBI (IOBEPXHOCTH, UMeroIias pebpo). B nepsom ciaydae
ypaBHeHHe KpUBbIX ceMeiictsa numeer Buj (3). Bo Bropom —

3sinu

Vasing’

1
r= U= 3 arcsin (a3/2 sin 9) .
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Geometry of the Huygens—Roche figure
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Theory of the figures of celestial bodies, which are in the state of hydrostatic equilibrium
under gravitational, centrifugal, and pressure forces, took the form of a rigorous mathe-
matical theory in the second part of the XX century. Fundamental physical laws served
as its basis. The Huygens—Roche figure (total mass is concentrated in the centre, while
the rotating atmosphere takes the equilibrium form) plays an important role in the theory.
Properties of the figure are carefully examined. In particular, it is known that each isobar
(surface of equal pressure) represents one of the three-parameter family of the Huygens—
Roche surfaces. Meanwhile, convexity (or its absence) was not dicussed in the literature as
far as we know. It is worth noting that there are non-convex figures between equilibrium
ones. In the present paper, we find the curvature of a meridional section of an arbitrary
Huygens—Roche figure (in the closed form as well as in the form of a series in powers of
the Clairaut parameter, main in the theory of equilibrium figures). We succeed to prove
that the curvature is positive and is separated from zero. Hence, each surface from the
Huygens—Roche figures family is convex, and has no points of flattening. Moreover, no
curve on its surface has points of straightening.

Keywords: equilibrium figure, Huygens—Roche figure, gravitational potential, curvature of
a planar curve.
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