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O HAXOKJEHNN OBOBIIIEHHBIX
HOPMAJIbBHBIX ®OPM CUCTEM C TAMUJIBTOHOBOM
HEBO3MVYIIIEHHON YACTHIO METOJIOM BEJIUIIKOTO

A. C. Bazanan

Cankr-IleTepOyprckuii rocy/1apCTBEHHBINA YHUBEPCUTET,
Poccuiickass @enepanust, 199034, Caukr-Ilerepbypr, YHuBepcurerckas Hab., 7-9

Hannasi pabora dBJISETCA NPOIOJIKeHneM coBMecTHOl ¢ B. B. BacoBbiM cTaTbu, MOCBAIIEHHONR
HaXOK/IEHUIO CTPYKTYP OOOBIIEHHBIX HOPMAJIBHBIX (POPM JIBYMEPHBIX ABTOHOMHBIX CUCTEM OOBIKHO-
BEHHBIX UM dEPEHINATBHBIX YPABHEHUN C FraMUJIBTOHOBON HEBO3MYIIEHHOM YACThIO U HEMAMUJIBTO-
HOBBIM BO3MyIleHHEM. B mpemaraeMoii crarbe pacCMaTpPUBAETCs CIIydail CHCTeM dYeThIpex u Gojiee
YPaBHEHU C TaMUJIBTOHOBOM KBA3MOJHOPOIHON HEBO3MYIIEHHON YacCThIO, TIOPOXKIEHHON raMUJIBTO-
muamoM Buga H = 377 | Hi(xs,y;). Ilpu nomornu crenuanbHoro pasbueHus BO3MYIIEHUs!, AHAJIOTH -
Horo pasbuennto A. Baiinepa u 4. Canjmepca Ha TaMUJIBTOHOBBI M HETaMUJIBTOHOBBI COCTABJISIOIIAE
B JIBYMEDHOM CJIy4ae, Mbl CBOJMM 3aJIady O HAXOXKJCHUHM OOOOIIEHHON HOPMAJIBLHON (POPMBI TAKOM
CHCTEMBI K BOIPOCY O HOPMaJIbHOM (popMe cTeneHHBbIX psaoB. HopMmausanus cTeneHHOro psifa Obl-
na panee noapobHo usydena . P. Besmkum. Mbr ucnonibzyem meroq I'. P. Besmnikoro n paszsusaem
€ro ujeu, BBOJS ONPEIEICHUs] TAMUJIbTOHOBBIX PE30HAHCHOTO M YCEUYEHHOTO PE30HAHCHOTO HABOPOB,
U B 3TUX TepMUHAX (DOPMYJIMPYEeM TeOpeMy O HOpMaJsn3anuu. Kak CjejcTBUE TeOpeMbl Mbl IIPUBO-
auM 0600IIeHre Ha CIydail MPOU3BOJILHOIO KOJMYECTBA KOPJAHOBBIX KJIETOK pedyibrara TakeHnca
O HOPMAaJILHOH (bOpMe CHCTEMBI C HUJIBIIOTEHTHOM JIMHEHHOHW 4YacThio. B wacTHOCTH, Uit M = 2 MBI
[ojiy4aeM B sIBHOM BHUJIe ONHY u3 00OOIIEHHBIX HOpMaJbHBIX (opMm 1o B. B. BacoBy st cucrembr
YeThIpeX ypaBHEHHH ¢ HEBO3MYIIEHHOM 4acTbio (Y1, 0, y2,0). Bubauorp. 7 Ha3s.

Karouesnie crosa: HopMmasbable (bopmbl, MeTol Bemunikoro, nopmaabuas dopma TakeHnca.

1. BBegenue. B Hacrosiieil pabore POIOJIZKEHO MCCJIEI0OBAHNE BOIIPOCOB JIOKAJIb-
HOH KJIACCU(UKAIMN CUCTEM OOBIKHOBEHHBIX I DEpPEHITNAIbHBIX YPABHEHUI C TaMUJIb-
TOHOBOI HEBO3MYIIIEHHOH YaCThIO B OKPECTHOCTH HEIJIEMEHTAPHONH 0COO0H TOUKM, HAYATOE
aBTOpPOM B coBMecTHOI ¢ Bacoseim crarbe [1]. B repmunosiornm, npussToil B paborax
Bacosa (cm., Hamp., [2]), 06bekTHI 5T0# Kinaccudukanum, T. e. Hanbosee IPOCThIe B HEKO-
TOPOM CMBICJIE CHCTEMBI, K KOTOPBIM MOXKHO IPUATH IPU MOMOIIU TI'PYIIIBI 00PATUMBIX
dopMabHBIX IPeodpPa30BaHNUil, HA3BIBAIOTCsST 0DODIEHHBIMU HOPMAJIBHBIMI (DOPMAMU.

Peun noiiger 06 aBTOHOMHBIX CHCTEMAaX 21 ypaBHEHUH BUIA

H
T = _on + X,
y;
ol (1)
Yi = 8_1'1 +}/;7

IJle TaMIJIbTOHNAH HEBO3MYIIIEHHON CHCTEMBI IIPEJICTaBIIsIET COOON KBa3UOIHOPOHBIN 110-
JINHOM OOOOIIEHHO! CTEIeH! Y C BECOM 7Y BH/JIA

H:ZHi(Ii,yi), (2)

BO3MYIIEHIE HAYMHACTCS C WIEHOB OoJjiee BBICOKMX 0000Imenubix creneneit. OT v, B CBOIO
oYepeib, MoTpedyeM, ITOOBI BBIOIHSIOCH

M+ Vt1 =" =Tn+Yon =0 < X.
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Mannoe yciosue osnavaer, uro ckobka [lyaccona KBasnoJHOPOIHBIX IIOIMHOMOB KBa3UOJI-
HODO/IHA, & CJIeJI0BATEIbHO KBa3NOHOPOeH u oneparop H = {H, - }.

Kak moka3swBaroT uccienoBanus BacoBa u np., 00600IeHHBIE HOPMAJIbHBIE (POPMBI
TaKUX CUCTEM BBIIEJISAIOTCs U3 001eit Kiiaccudukanuu. B To ke BpeMst OHU TIPEJICTABISAIOT
GOJIBINON MPAKTHIECKUIT HHTEPEC.

2. Pe3zonaHcHOe ypaBHeHNEe U pe30HaHCHbIe Habopbl. O603HaUNM 1151 Y00CTBA
i = Xi U Zp+q = Yi-
Crneayst Bemmukomy (cm. [3]), onpenennm va R[z] ckansipHOe IponsBeieHne

(P.Q) = PO co, 0= (s,

021" Bzap

u paCcCMOTpUM ypaBHEHUE

e =0 B =Y u(5)0) - (50 )0

KOTOpOe OyIeM Ha3bIBATH PE30HAHCHBIM YPAGHEHUECM JJIT KBA3HOIHOPOIHOTO TaMUILTO-
Hrana H, a ero moJMHOMUAILHBIE PEIIEHUS — PE30HAHCHBLMU TOAUHOMAMU.

O603HaUYNM JIMHETHOE IPOCTPAHCTBO PE30HAHCHBIX IOJMHOMOB 4epe3 R. 3 kBa3u-
OJIHOPOJIHOCTHU raMuyibTOHUAaHa H ciiemyer, uro SR pa3buBaeTcst B IPSIMYIO CyMMy OPTOIO-
HaJBHBIX TTOAIPOCTPAHCTB 9‘{[;@] KBA3MOIHOPOIHBIX PE30OHAHCHBIX IMOJMHOMOB ODODIIEHHOM
crerenu k.

k
Onpenenenne 1. Byaem roBopuTh, 4T0 MHOXKECTBO KBa3UOIHOPOIHBIX IIOJIMHOMOB S'[y ]j,
. . k o
keZy,j=1,...,dim 9‘{% ], 00pa3yeT 2aMUALTOHO8 PE3OHAHCHDIT HAOOD, eCITN JIJIT KaXK-

(K] (K]
noro k u mpon3BOJIBHOTO ba3uca R%i IIPOCTPAHCTBa YRy~ MaTpUIlla CKAJISPHBIX IPOU3BEIe-

Huii (R[Vk]z, SL%} HEBBIPOXK ICHA.

Ob6oznaunm 1yepes §) aaredpy psiaoB, MOPOKICHHYIO TOJMHOMUAIHHBIMA KOPHSIMUI U3
H;, n noyoxxnm

R ecaun x = o,

Ry =1
{PeR: (P,Q)=0,VQ e HH}, ecuux > o.

Jlunetinbie TpocTpaHcTBa R, KaKk u R, pa3dUBAIOTCA B MPSAMYIO CYMMY OPTOTOHAJIBHBIX
JIMHEHHBIX TOAIIPOCTPAHCTB %[k] C R (2]
AP p ¥, Y .

k
Onpenenenue 2. Byrem roBopuTh, 9TO MHOYKECTBO KBA3UOIHOPOIHBIX TTOJIMHOMOB .S L]l i

. . k . . .
keZy,j=1,...,dim ‘(}{'[y,]b obpasyer [-U yceuernnvili 26 MUABMOHOE PEZOHAHCHBIT HAOOD,

k k
ecJi J7is KarXKJI0To k 1 MPOU3BOJILHOTO ba3uca, R[Y]l , TPOCTPaHCTBA m[v]l MAaTPHUIA CKAJISAP-

K glk]

HBIX IPOMU3BEICHUIA <R%l,i7 AN

)} HEBBIPOXKJIEHA.

Jlemma [4, nemma 1|. IIpoussosvwedi eexkmoprwd pad Z = Y . X;0/0x; + Y;0/0y;
mootcem Ovimyb eQuUHCEEHHbIM 00pasom npedcmasaer 6 6ude

" OF; 0 oF; 0 0 9]
Z = fo— — = o + Giyi, &y = ViTig—  VntilVim—
;3%‘ Oy; Oy, Ox; TGk, i = N Ox; Tl 0y;
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Teopema [4, Teopema 1]. ITycmo &; u T;, i = 1,...,n, — NPOU36OALHO SUOPAHHVIE 2a-
MUALMOHOBYL MOHOMUANADHBIE PEZOHAHCHBLE U T-€ YCeueHHble Pe3oHaHcHbe Habopv, Oan H .
Tozda cywecmsyem Popmasvroe nowmu mosrciecmeermnoe npeobpadosarue, NPuBodAUEe
sosmyuwenue cucmemo, (1) x sudy

Oz; Oy, a 0y; 3_%  Gilaiy

n o~ ~
~ oF; 0 oF; 0
2= 5m

i=1

8 KOmopom kadtcdoe K8a3uodnopodroe caazaemoe pada F; asasemcsa Aunetinoti KomoOuHa-

yuet anemenmos T;, a Kasicdoe K6a3uodHopodroe caazaemoe pada G; ABAAEMCA AUHETHOT

Kombunayuets snemernmos S;.

JlokazaTebCTBa 9TUX yTBEPXKICHNH MOXKHO Haiitu B padore [4]. OrmernM, aTo yero-
Bue (2) ma ramusbronnan H cymiecrBenno. OHO ¥ 103BOJIIET IPUMEHUTH JIJIs HOPMAJIU-
3aIUy Pa3JIo’KeHNe U3 JIeMMbl. B Teopun HOpMaJBHBIX (hopM 1o100HOE paszbueHne ObLIO
BrepBble puMeneno Baitnepom u Cangepcom B pabore [5] s kinaccudbukanuu cucrem
JBYX YPaBHEHUH ¢ HUJILIIOTEHTHON HEBO3MYIIIEHHONU 4aCThIO.

C TouKM 3peHHmsI OIpeJeJIeHrsl, IPEJIOKEHHOro BacoBbiM B padote [2], cTrpykTypa
BO3MYIIIEHU, OIICAHHAs B TEOPEME, €llle He SABJISeTCs 0000IIEeHHO HOPpMAIbHOM (DOPMOIL,
T. K. OIIPEJieJIEHa He B CTAHIAPTHOM Oa3mce MPOCTPAHCTBA BEKTOP-TIOJIMHOMOB. Tem He Me-
Hee BO3MYIIEHNE B TEOPEMe IIPUBOIUTCS K Heil IIPU HOMOIIM HECJIOXKHBIX TPe00PA30BAHMI.
B wacTtHOCTH, 1115 BCeX § BCerjia MOXKHO OOHYJINTD JIIO0YI0 U3 JIBYX HEHYJIEBBIX KOMIIOHEHT
BekTopa &, ;. i ciydas 1ByX ypaBHEHUI aJrOPHTM TaKoil «JIOHOPMAJIH3AIUI» II0APOO-
HO onucaH B pabote [1].

3. Muoromepnasi HopmasibHast ¢dpopma Takenca. Paccmorpum cucremy 2n ypas-
HeHUit BUJIA

T; =y + X5, 3)
U =Y;
C HEBO3MYTIEHHO JaCThio, MOPOKICHHON TaMuabTornanoM H = —y?/2.

Coorsercryomas anrebpa $ = R[[y]] cocront n3 Hepe3oHAHCHBIX MOTMHOMOB. Taknm
06pa3oM, JIMHEHHBbIE TPOCTPAHCTBA R 1 R; COBIAIAIOT BHE 3aBUCUMOCTH OT TOT'O, CIUTAEM
JI1 MbI 'aMUWJIBTOHUAH H O/THOPO/IHBIM MJIN KBa3UOJIHOPOJIHBIM, 1 NUMEIOT BUJI

9%:9‘{1:[R[:17,M], M:{Mlj:xlyjijyl 1§Z<]§n}

Cornacro [7, Teopema 9|, mommroMbr Bua x> MP, He coneprkammue mponsseenuit
oM ci < j < kn MMy ¢t < j < k < [, obpasytor 6a3uc npocrpancrsa A.
CrenoBaresibHO, B yCJIOBHUAX TeopeMbl HAOOpH &; u ¥; MOXKHO BBIOPATH HE 3aBUCHAIIAMUA
OoT Y.

CaencrBue [4, reopema 2|. Cucmema (3) dopmanvro sxsusasenmna cucmeme suda
:ti = Yi,
v = fi +vi9i,

2de padv. f;, g; ne 3asucam om y;.

®Dopmysa U3 CIEICTBUS €CTECTBEHHBIM 00pa3oM 00061maeT HopMasibHyo dhopmy Ta-
keHca (cMm. [6, proposition 2.2]) u coBnazmaer ¢ Heit, ecim n = 1.
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IIpumep. Ilycts n = 2. B srom ciiydae raMuIbTOHOBBI pe30HAHCHBIE HAOOpPBL &; u T;
OIIpe;LenHIOTCH YCJIOBUSIMHU U3 cl)opMynMpOBKM CJIEJICTBUS OJTHO3HAYHO U COCTOSAT M3 MOHO-
MoB ' e yd pr > qo, na i = 1 m a2yl po > ¢, ana i = 2. CoorsercrByromas

0000ITIeHHAsT HOpMaJIbHAs (POPMa UMEET BHU/T

:tl = Y1,

. 2 : P1,02,0,q2 } : (p1,p2,1,92)

U= Y( )IpliE y2 +u Y Pl P2y2 ,
p1+1>q2 P12>q2

:t2 = Y2,

. E : P1,P2,41,0) 2 : (p1,p2,q1,1)

Yo = Y( plI yl + s Y P1I2 yl .
p2+12q1 P22>4q1
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ON FINDING GENERALIZED NORMAL FORMS OF SYSTEMS WITH
A HAMILTONIAN UNPERTURBED PART USING THE BELITSKII METHOD

Artur S. Vaganyan

St. Petersburg State University, Universitetskaya nab., 7-9, St. Petersburg, 199034, Russian Federation;
armay@yandex.ru

This work continues an article written in collaboration with V.V.Basov about finding the structures
of generalized normal forms of two-dimensional autonomous systems of ordinary differential equations
with a Hamiltonian unperturbed part and non-Hamiltonian perturbation. In this article we consider the
case of systems of four and more equations with a Hamiltonian quasi-homogeneous unperturbed part
generated by the Hamiltonian of the form H = -7 | H;(x;,y;). By means of a special decomposition of
the perturbation similar to splitting into Hamiltonian and non-Hamiltonian components that was used by
A. Baider and J. Sanders in two-dimensional case, we reduce the problem of finding the generalized normal
form for such a system to the question about the normal form of power series. Normalization of a power
series was studied earlier by G. R. Belitskii. We use the method of G. R. Belitskii and develop his ideas by
introducing the notions of Hamiltonian resonant and reduced resonant sets, and in these terms formulate
the normalization theorem. As a consequence of the theorem we give a generalization of the result due to
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Takens on the normal form of a system with a nilpotent linear part to the case of an arbitrary number of
Jordan blocks. In particular, for n = 2 we find explicitly one of the generalized normal forms in the sense
of V. V. Basov for a system of four equations with an unperturbed part (y1,0,y2,0). Refs 7.

Keywords: normal forms, Belitskii method, Takens normal form.
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