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JaHHas cTaThbs SBJIAETCS IIECTOH B IUKJIE PAOOT, OCBAIIEHHOM JBYMEDPHBIM OTHOPOIHBIM
KyOm4ecKuM cucTeMaM. B Heil paccMaTpuBaeTcs CiIydail, KOrja OJHOPOIHBIN BEKTOPHBII
MHOTOYJIEH B NPABOHl YaCTH CHCTEMBI HE MMeeT 00mero MHOXKHUTessl. MHOXKeCTBO Takux
cucTeM Pa3bUBAETCs Ha KJIACCHI JUHEHHON SKBHUBAJEHTHOCTH, B KaXKJIOM U3 KOTOPBIX HA
OCHOBAHUM OMPEIEJEHHBIM 06pa30M BBEJIEHHBIX MPUHIIUIIOB BBIJEJISIETCS TPOCTENIAs CH-
creMa — HOpMaJibHas (OpMa TPEThero IMopsiIKa, 3ajaBaeMas MaTpuieil Ko3dduimeHTon
CBOell IpaBoii YacTu, KOTopas HasbiBaeTcs Kanonndeckoit popmoii (KP). Kaxpaas KO ume-
€T CBOIO CTPYKTYPY PaCIOJIOXKEHNsI HEHYJIEBBIX 9JIEMEHTOB, UX OIMPEIETEHHYI0 HOPMUPOBKY
U KAHOHMYECKOE MHOXKECTBO JOIYCTUMBIX 3HAYEHUN MJIs HEHOPMHPOBAHHBIX IJIEMEHTOB,
orHocsimee K@ B BoIOpaHHOMY KJlacCy SKBUBaJieHTHOCTH. [loMmMmo Kiraccuduranmm st
kaxxaoit KO npusojsres: a) ycosust Ha K03 DUIMEHTH UCXOHON cucreMbl, b) suHeiiHbIe
HeocobbIe 3aMeHBI, TPe0dPa3yIOIIHe IPABYIO YaCTh CUCTEMBI [P STUX YCJIOBUSAX B BHIOPAH-
Hyo K®, ¢) nosydaemple 3HavYeHUs HEHOPMHUPOBAaHHBIX dy1eMeHToB KP. Ilpennoxkennas
KJTacCupUKAIUsl B MIEPBYIO OYEPEIb CO3/IABAJIACH JJIsl IOy Y€HUsT BCEX BO3MOXKHBIX CTPYK-
Typ 00OOIEHHBIX HOpMaJbHBIX dopm cucreM ¢ KO B HeBo3dMymieHHO# vyactu. B crarbe
[IPUBOJIUTCS €Ile OJHO IPUJIOXKEHNE MOy IEeHHOM KIaCCH(MUKAIINY, CBI3aHHOE C HAXOXKJe-
wueMm it KO dazoseix moprperos B Kpyre [lyankape.

Kaouesvie caosa: OHOPOIHAST KyOUUIecKasi CUCTeMa, HOpMaJibHas (popMa, KAHOHUYIECKAs
dopwma.

1. Beeagenue. Hacrosmas paGoTa sIBJIsieTcsl HENOCPEJACTBEHHBIM TPOJOJIKCHAEM
pabor [1-5], u B Heil cOXpaHAIOTCs BCe BBEJCHHBIE paHee 0603HaYeHus. B pabore umerorcst
CCBIIKM Ha JIOKA3aTEIbCTBA, BBIIOJIHEHHBIE B TakeTe Maple n pasmernenase B 060M U3
xpanuum: https://github.com/Vladimir-Basov/DE, https://github.com/A-Cherm/DE.

Dra pabora 3aBepiaeT KiaccubUKAIMIO BellecTBeHHbIX cucreM (2.1) u3 [1, pass. 2]

; : 3 2 2 3
&1 = Pi(x1,22), 42 = Pa(x1,22) (P = a;xy + bixize + cizrx; + dixy # 0),
OTOXKJIECTBJIIEMBIX C MaTpUIlAMUA
ap by ca dy
A= . (1.1)
az by c2 da
B meit paccMaTpuBaeTcst OCTaBIIANCS HEUCCIIEIOBAHHBIM Ciydaii [ = (0, O3HAYAIOIIHIA,
9TO MHOTOYJIeHbl P| u P, He mMeroT o0IIero MHOXKHUTEJ IS HEHYJIEBOI CTEeIleH .
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Panee, B [2] mst cucrem ¢ | = 3, B 3, 4] juist cucrem ¢ | = 2 n B [5] muist cucrem ¢ ] = 1,
rae | — cremennb obriero muoxkuresas P) u Po, ObUIN Oy YeHBI CIIEAYIONINE Pe3yIbTaThI.

MmuoxkecrBo cucrem (1.1) ypanoch pasburh Ha KJIACCHI 9KBUBAJEHTHOCTH OTHOCH-
TeJIbHO JIMHEHHBIX HeocoObIX 3aMeH (2.2) u3 [1, pasm. 2| ©1 = my1+S1y2, T2 = T2y1+S2Y2,
OTOXKJIECTBJISIEMBIX C MaTPUILeit

L(“ 51), §=det L #0. (1.2)

T2  S2

B kaxmom ki1acce yiasaoch BBIIEINTh 00PA3YIOIIYI0 — «IIPOCTEHITYIO» CUCTEMY, Ha-
3BaHHYIO0 KyOWYeCcKoil HOpMaJibHON (popmoii, ¢ Marpuiieii A, HA3BaHHONW KAHOHWIECKO
dopmoit, 1 0603HAYEHHOH CFim’l (M. [2, ompen. 1.10]), rie m — YMCIO HEHYJIEBBIX 1€~
MeHTOB A, a | — MaKCHUMaJIbHAsI CTEIEHb BEIECTBEHHOTO ODIIEro MHOXKUTEJIS.

Brigesienne kaHOHWYECKUX (POPM OCHOBAHO Ha CTPYKTYPHBIX U HOPMHPOBOYHBIX
npUHIUIax, pazpaboradubix B [1, pasm. 1.1, 1.2] ¢ 1e/1b10 MAKCUMAIBHO YIIPOCTUTH CBEIe-
HU€ BO3MYIIEHHBIX CUCTeM ¢ pa3andHbiMu C'F' B HEBO3MYIIEHHONW YacTH K OOOOIIEHHBIM
HOpPMaJIbHBIM (bopmam. OtpejiesieHne 060OIEHHBIX HOPMAJIBHBIX (POPM U KOHCTPYKTHUB-
HBIl METOJI MIOJyY€HNs] X BCEBO3MOXKHBIX CTPYKTYD IpuBeJeHsb! B |1, pasm. 1.3].

[TousiTe KaHOHMYECKOW (POPMBI, IIOMUMO BBIOOPA PACIIOJIOKEHUs] HEHYJIEBBIX dJIe-
MEHTOB ¥ BbIOOpPA HOPMUPYEMBIX 3JIeEMEHTOB JJisT Kaxk10it C'F im’l, IIpe/IIoIaraeT HaImdue
BBEJIEHHOTO B [2, ompe. 1.9] KAaHOHHYECKOTO MHOXKeCTBa cs;”’l7 OIMCBIBAIOIIETO MHOYKe-
CTBO 3HAYEHUII HEHOPMUPOBAHHBIX JIEMEHTOB KAHOHIMIECKOI (POPMBI, IPU KOTOPHIX OHA
zameHoit (1.2) He MoxKeT OBITH CBeJleHa HU K KAKOW U3 IPEJIIECTBYIONUX CTPYKTYPHBIX
dopm SF (cm. [2, onpen. 1.3]). B paborax [2-5] yaanock BbIIMcaTh Bee cs;"’l cl=1,2,3.

Kpome Toro, mjist KaxKJioil moJIydeHHOH KaHOHMYecKoi ¢gopmbl ¢ [ > 1 ymajgoch B
SIBHOM BHJIe BBIIIMCATH yCJIOBUSI Ha KOI(DMOUIMEHTHI NCXOMHOM cucreMbl u 3ameny (1.2),
CBOJISAIIYIO 3Ty CHCTeMy K BBIOpaHHoit dbopme C’Fim’l, a Tak»Ke KOHKPEeTHbIE 3HAYUEHUs

m,l
apaMeTpoB U3 CS; .

B macrosmeit paboTe aHaIOTHIHbBIE HCCIEIOBAHUS TPOBEIEHBI st cucteM ¢ [ = 0.

B pasnese 2 npusenen cnmcok kanonmdeckux dopm ¢ [ = 0 u m < 4 u BbIIEICHBI
COOTBETCTBYIONIUE UM KAHOHUYECKIE MHOYXKECTBA 3HaUYeHul napamerpos. K coxkaJyeHuio,
nosryantsb C'F im,O u cslm’o ¢ m > 5 He UPeJICTABJIACTCS BOZMOXKHBIM N3-32 HEIPEOI0JIUMbIX
TeXHUIeCKUX TpyaHocTeil. Korneuno, 310 He TI03BOJISIET OCYIIECTBUTD KJIACCUMDUKAIIIO O/1-
HOPOJIHBIX KyOMYIECKUX CHCTEM B IIOJTHOM 0ObeMe, HO OTCYTCTBYIOINIAs 9aCTh TIPEJICTABIIS-
€T MUHUMAJIBHBINA MPAKTHIECKU MHTEPEC, MOCKOJIbKY OCHOBHAS IEJIb KJIACCUMDUKAII,
CBsI3aHHAS ¢ HOpMaJM3alieil BOZMYIIEHHBIX CUCTEM, UMEIOIINX KAaHOHUIECKYIO (pOpMY B
HEBO3MYIIEHHON YaCTH, IIPU M > 5 PEaJIbHO He MOXKET OBbITH IPOBEIECHA ONSITh-TAKUA B
CUJIY HEIPEOIOJUMbBIX TEXHUIECKUX TPyHOCTel. Jlaxke npu m = 4 MoJIy9uTh BCe CTPYK-
Typbl ODOBINEHHBIX HOPMAJILHBIX (POPM TOKA YIAJIOCH TOJBKO C OJIHOW KAHOHWYECKOM
opwmoii, 3aTaBaeMoit KBaIPATHIHBIM TOTMHOMOM (—22 — T129, T2 + 1122).

B paszzene 3 B mosmHOM o6beMe MCCIIEI0OBAH BOTPOC, MTPH KAKUX YCJIOBUSIX UCXOTHAS
cucrema (1.1) cBomuTCs K Kakoil-mb0 U3 BbLIEJIEHHBIX (GOPM C’Fim’O cm=1,23.

Haxkower, B pazjene 4 IpuBeJIeHO €I1e OHO MPUIOXKEHHE MOy 9eHHON KIaccuduKa-
[IUU, & IMEHHO, JIJIs OJTHOM N3 KAHOHUYECKHUX (DOPM OCYIIECTBJIEHA TOTIOJIOITIeCKAasT KIIac-
cucpukarusa B kpyre [lyankape. Jljist 9T0ro0 nosydennas KiaacCuMUKaIs COMOCTABISAETCS
¢ apyroit kiaaccudurarmeit, npepnoxkennoit A. Cuma (A. Cima), 2K. JIubpe (J. Llibre) B
[6], B kKOTOpOIT MHOXKeCTBO cucTeM (1.1) pasbuTo Ha JecATb JIMHEHHO HEIKBUBAJECHTHBIX

378 Becmnux CII6I'Y. Mamemamuxa. Mexanurxa. Acmponomusn. 2020. T.7(65). Bun. 3



KJIACCOB C SIBHO BBINMMCAHHBIMU 0OPA3YIOIINMHU, [TOCJIE 9€r0 JJIsi IPeICTABUTENEH KAaXK I0r0
u3 KjaccoB npu | = 0 HaliileHbl Bce BO3MOXKHBIE (ha30Bble mOpTpeTsl B Kpyre Ilyankape.

2. Boigenenne KaHOHNIECKNX (pOPM M KAaHOHMYECKNX MHOXkecTB npu | = 0.
Boigesum u3 cnucka 1.1 paborst [2] crpykrypuble dopmbr S Fim’O cm = 2,3,4 cucrembl
(1.1) (umerorcs 32 Takue DOPMBI ), HOPMUPYEM UX COIVIACHO HOPMUPOBOUHBIM IIPHHITUIIAM
U BBISICHUM, KaKUe U3 TI0JIyIeHHBIX HOPMUPOBAHHBIX CTPYKTYPHBIX dhopm NSF (cM. [2,
onpe. 1.6]) siBistrorest KaHOHUIECKUME (hOPMAaMHM.

Vreepxkaenne 2.1. Toavko NSF,}° = o (g 8 8 1) uNSFy° =o (g 8 8 i)

NPU BCET HEHYAEBVT SHANEHUAT NAPAMEMPO8 U, v 3amenamu (1.2) ceodames x Kaxum-
AUOO NPEJUWECMBYIOULUM COZAACHO CIMPYKMYPHOM NPUHUUNAM CIPYKMYDPHLM HOPMAM.

JIOKA3ATEJILCTBO. NSFf’0 u NSF;’O 3aMeHoit ¢ ro = 0, so = 6,581, B KOTOpOIi
0,: 6% —02+v0+u, cBonarcsa K S F24 0, [IpoBepka MoKa3bIBAET, YTO OCTAIBHBIE TPUIIATH
dopm NSF™O (m = 2,3,4) apaarorca CF™0. O

Sameuanme 2.1. 3uech u B gajbHefimem: 1) 3anuch «CBOAUTCs K KaKOH-u60
SF™0 o3mauaer, 9TO MOJyUeHA yKazaHHAs OPMA MM OJHA U3 IIPEIIECTBYIONNX eif
dopw; 2) samuck «f, : moamHOM OT #» O03HaUaer, 4To 6, — 06O BEleCTBEHHBIN HYJIb
[TOJTMHOMA.

Beimumenm Bce kKaHOHIYECKHE (DOPMBI, NX KAHOHUIECKHE MHOYKECTBA U PE3Y/IbTAHTHI
)
R (cm. [7; 1, ompes. 2.1]), nmpuaem sug cs™C Gyner obocHOBaH HUZKe B yTBepxieHun 2.2.

Cuucok 2.1. Tpumnars Cﬂm’o, es™% ux R (m=2,3,4; 0,5 = £1; R,u,v #0):

2,0 _ k 0 0 O 2,0 _ 0 0 0 K . 3,0 u 1 0 0 .
CFL"_U(O 0 0 1)2’ CFlOv'f_"<1 0 0 0)8’ Ch _"<0 00 1)4’
3,0 k 0 u O 3,0 u 0 0 1 3,0 1 0 0 wu
CF?v“_J(O 0 0 1)5’ CFy _"(0 00 1) CFy _"(0 0 1 0)7’
3,0 u 0 0 1 3,0 1 0 0 u 3,0 _ 0 v 0 kK
Chs _"(0 10 0)8’ Ol _"<1 0 0 0)9’ CF237“_0<1 00 0)10’
30 (0 0 1 w 40  _fu v 0 0\ | 40  _fu 1 v O
CFa _"(1 00 0)11’ Ch _"(0 0 1 1)6’ CF, _"(0 00 1)7’
4,0 _ u 0 w 0 4,0 u 0 0 w 4,0 u 0 w 0
O _"(o 0 1 1)7’ CFs _"<0 0 1 1)8’ CFS*”_U(O 10 n)g’
1 v 0 v u 0 0 1 u 0 1 w
CF;*dO:a(O 0 1 0) , CF;g;O:a(O Lo v CF;‘é‘):a(O 0 1 0) ,
9 9 10
4,0 u v 0 1 4,0 u 0 0 v 4,0 u 0 0 w
Chy _"(0 10 0)10’ CFa _"<1 00 1)10’ Ol _"<o 11 0/,
4,0 u 0 v 1 4,0 1 » 0 wv 4,0 0 v 0 w
O3 _"(0 10 0)11’ Ol _"(1 0 0 0)11’ O _"(1 00 1),
4,0 u 0 1 v 4,0 0 0 u v 4,0 0 u 0 v
CFsi _"(1 00 0)12’ CFss _"(1 0 0 1)12’ CF34*@_"(1 0 & 0)12’
40 _ (0 uw 1 w 40 _ (0 0 1 wu 40 __ (0 0 u w\
CFss _"(1 0 0 0)13’ CFss _"<1 0 v 0)13’ CFsi _"<1 10 0)14’
tcsig, R = k; tcs?b?m R = —k; tcsi”o, R = u?; cs‘gjg ={u#3/2upu k=-1}, R=1;
tcsi’O,R:u‘s, tcsg’o,R: Uu; tcsi”o,R:u; tcsgb,,R:—US; tcsgg(ij:—m;
3,0 4,0
tC‘ZZ 7R: 7—"3; €Sy 7{1}7&“7 (U,U) 7é (1/931)7<1/331)7<71/97*1)}7R:UQ(U‘*U);
csy = {v# Bu)™', 1+2(9u)~ 1, (12u+ 14 (1 —8u)/?)(8u) '}, R = u?;
csi’ ={v#—u,3/2+ (—2u)"Y?}, R =u?(u+v);
0

ese® = {v # u, (9u+2u~2/27}, R = u?(u — v);
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css . = {v # uk; (K,u,v) # (1,-1/3,-3); v # k(Bu—2)(2u—1)"! mpu r(1—2u) > 0},
R = u/-e(u/-@ - v)2

csio ={u#1;v# 2u—1)%2—u)/27, u*(3 — 2u)/27; (u,v) # (2/3,4/729)}, R = —v;
csiy = {v 75 w23 u # 2/3 mpn 3((6% — 4v)/20,)% + 120 < 0, 6. : 63 + 306 — 3},
R = u(u?v3 + 1);

estd = {(u,v) # (1/3,-2/3); v # (1 — 9u £ (1 — 3u)(1 — 12u)/2)u=2/27}, R = —u2v;
cs 70—{ (u,v) # (1/3,—6/3); v # 2V/3(2 — 3u)u=1/3/2}, R = u;

csil—{v;«éu v;ﬁu upu u >0}, R= (u—v)?

csyy = {(u,v) # (1/3,1/6); v # u, (2u — 1)(3u — 2)73, —=16u2(u — 1)~ (3u + 1)~3},
R =wv(v—u);

csyy = {(u,0) # (1/3,3%/3),(5/9,3/2), (03 + 1)07%/2, (6% — 3)(20.)71), 6. 6° — 65 +
150% + 9}, R = u;

cson = {(u,v) # (9/8,—-27/32),(~18,216)}, R = —v°

eold = v (1,0) £ (82 £ VBF/2 2 2(2 b VB)1%), (3 23 VE — 1)

(28 £ 12V/5)1/3/2),(3%/3, =3Y/3)}, R = —u® — v¥;
csgf ={(u,v) # (= 21/5/6 21/3/3),(21/3/3 21/3/3)} R=-
03320 ={(u,v) # (3, -1}, R=u’ — %

CS3y . = 10 F uk; (w,v) # (—k,1/3), (/5 + 3K)/2, — (3 + V/5r)/18), (2K + /3, —(2 +
\/ﬁ/{)/?)), (Ua H) 7é (u/ga 1); (u,v, H) 7é (13 71/93 71); v 7é *(21‘7 H)(u - 2”)/9 opm u >
k/2;u # k upu v > 0; (u,k) # (=1,1) wpu v > —1/9; (u,k) # (1,—1) upu v €
(—o0 o, —1)u(0, +oo)}, R= fv(unf v)2;
053’5 = {(wv) # ( 2-(3/5)"/2,2-7571/3/3), (3Y/5(V3 £1)/2,371/5(£3 — V/3)/6); v #
u)” 1} R——v

S35 {v —u? (u,0)  #((2/81)%,—(3/2)1/%), (=27°/3,274/%),((8/3 +
2\f)1/3/3 (3 £ 3f)1/5) (22/3,721/3),(7293,(1 —3602)0;1), 6. : 540° — 186% + 1},
R = fu(u +v);
cs3d = {v # u; (u,v) # (1/9,—-1/81);0 # u® npu u > 0;v # —u® u(du F (3u —
1)(— )1/2)(9u+ 1)~ 1 upn u < 0}, R =v?(u— ).

31ech 3anuch tcs O3HAYAET, UTO JAHHOE CEMEMCTBO HE MMeeT OUPAHMYEHHUIl Ha ITapaMeTphl.

Vreepxaeune 2.2. Toavko npu yka3aHHbT SHAUEHUAT NAPALMEMPOS NPUEGEOCHHDIE
Hustce PopMbL NS’F{”’O C600AMCA K NPEOULECEYIOULUM COZAACHO CTRPYKIMYPHBLM TLPUH-
YUNAM:

1) NSF;’,S npuu = 3/2, k = —1 samenoti c o = 0, s3 = /251 ceodumcs % SFS’O'

2) NSF14’O: a) npuu=1/9,v=1 samenol ¢ 1y = —3ra, s = 0 ceodumcsa K SF3O
b) npuu=1/3, v =1 3amenot c o =0, sg = —51 ceo@umcn %‘S’F 0. ¢) npuu = —1/9
v = —1 s3amenoti ¢c ry = 3rg, s = —389 ceodumca « SFQ?; ;

3) NSF;°: a) npuv = (12u+ 1 +(1- 8u)Y/2)(8u) ! samenoti ¢ o = 0, sy =
(=14 (1 —8u)/?)s;/2 cso&umca K SF2% b) npuv =1+ 2(9u)"! samenoti ¢ ry = 0,
S0 = —3usy ceodumca K SF2 O; c) npu v = (3u)~! zamenoti ¢ ro = 0, so = —3us;
ceodumea x SF3 0,

42 NSF;? npuv = 3/24(—2u)""/2 samenoti ¢ v = £(—2u)"/2ry, 53 = 0 ceodumea
x SF] 0
5) NSFé’O npu v = (9u+2)u=2/27 samenoti ¢ ry = 0, so = 3us; ceodumes x SF;°
6) NSF;’S: a) npu k =1, u = —1/3, v = =3 3amenoti ¢ 11 = —\/3ra, 51 = /352
ceodumea k SFL’; b) npuv = k(3u — 2)(2u — 1), mSl —2u) > 0 3amenoli ¢ o =
(k(1 = 2u))/2ry, 59 = —(k(1 — 2u))/2s; ceodumea x SF;Y;
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7) NSFY: a) npu v = (2u — 1)2(2 — u) /27 samenoti ¢ 7, = (1 — 2u)ry/3, s5 = 0

ceodumea x SF%; b) npuv = u2(3—2u) /27 samenoti ¢ g = 0, 55 = —3u~'s; ceodumes

%‘S’F;’O; c)npuu =2/3,v=4/729 3amenot cro = —9r1, $2 = 951/2 ceodumcea x SF??’O;
M 4,0

d) npu u =1 3amenot ¢ ro =0, sg = —3s1 ceodumea x SFg'";

8) NSFLY npu u = 2/3, 3((02 — 4v)/260,)2 + 120 < 0, 6, : 6% + 300 — 3 3amenoii
¢ = —(62 — 40) /40, + (—3((02 — 40)/20,)2 — 120)1/2/2, 51 = O.55 ceodumea x SF"%;

9 NSF{%O: a) npu u = 1/3, v = —2/3 samenol ¢ r1 = 2rq, $1 = —S2 ceodumcs
K SEEY: b) npuu <1/12, v =(1—9u=+ (1 - 3u)Sl — 12u)Y/?)u2 /27 samenoti ¢ v =
(14 (1 —12u)/2)(6u)"'ry, 55 = 0 ceodumea x SF,’;

10) NSFX°: a) npuu = 1/3, v = —6'/3 zamenots ¢ 1, = —(60 + 36v/3)1/3ry/2,
s1= ((9v3 —15)/2)3sy ceodumes x SFy%; b) npu v = 2/3(2 — 3u)u~/3/2 zamenot

cry = (u/2)1/3r1, S9 = —(4u)1/351 ceodumcsa K SF146’0;

11()) NSF241’O npu u > 0, v = u~? zamenot ¢ ro = —ut/?ry, s = u'/%sy ceodumca
K SFg;

12) NSFy": a) npu u = 1/3, v = 1/6 samenoti ¢ 1o = 0, sy = —2s, c60dumcs
K SEg b) npuv = (2u — 1)S3u —2)73 samenoti ¢ 2 = (3u — 2)r1, s2 = u(3u —
2)(1 — 2u)~'s; ceodumea x SF; ¢) npu v = —16u(u — 1)1 (3u + 1)™3 zamenot
cry = (u—1)Bu+1)(4u)"try, so = —(3u+1)s1/2 ceodumea x SF°;

13) NSF245’O: a) npu u = 1/3, v = 3*/3 zamenoii c ry = —3'/3ry, 53 = 0 ceodumcs
K SFQ’O; b) npuu = 5/9, v =33 zamenot c 1 = 3*/3ry, 51 = —3%/355/2 ceodumca
K SE;Y: ) npuu = (02+1)073/2, v = (62 —3)(20.)71, O.: 69— 6% +150% + 9 zamenot
¢ = 0.9, 55 = —(0% +1)(20,) sy ceodumes x SF;’;

14) NSFy": a) npu u = 9/8, v = —27/32 samenoti ¢ 11 = 3ry/2, 51 = —3s5/4
0600u4n(1)0ﬂ ® SFldO; b) npu u = —18, v = 216 3amenot ¢ r1 = 3re, $1 = —6s2 ceodumcs
® SFy;

15) NSER: a) npuu = 3(2 £ v2)2/3/2, v = 7271/2(2 £ /2)V/3 samenoti ¢ 1 =
(24 v/2) /37y, 59 = —(2£/2)2/351 ceodumea w SFy%; b) npuu = 3-271/3(x/5-1)1/3,
v = (28 + 12v/5)Y/3/2 samenoti ¢ r1 = —(28 + 12v/5)/31ry/2, 51 = 271/3(3 F /5)/ 35y,
ceodumcsa SF4’O; c) npu u = 32/3 v = =33 zamenot ¢ r1 = —3Y3ry, 51 = 0
b,
ceodumesa k SF,.";
16) NSF;l’O: a) npuu = —21/3/6, v = —21/3/3 samenoti ¢ ro = 22/3r1, 51 = —21/3s4

4,0 ;
ceodumes k SFy} ; b) npuu,v= 21/3/3 3amenoti cry = 21/3r2, 5o = —22/35, ceodumea
4,0,
w Sk 4,0 4,0
17) NSF3 npuu =3, v = —1 3amenot c r1 = T2, $1 = —S2 ceodumesa x SFg™;

18) NSF;&: a) npu u = —k, v = 1/3 zamenoti ¢ 11 = (63/3 — 9x)Y/ %1y /3, 51 =
—(6v3—9k)2(24/3K)s2/3 ceodumea x SF’; b) npuu > k)2, v = —(2u—k)(u—2k)/9
samenoti ¢ r1 = (6u — 3k)/%ry/3, 51 = —(6u — 3K)/?s2/3 ceodumea x SF,""; ¢) npu
u= (V5+3kK)/2, v =—(3+V5bkK)/18 samenoii c r1 = (68/5 — 6k)/2(3 + V/bkK)r2/12,
51 = —(6v5 — 6/1)1/282/6 ceodumcsa K S’F;f’og d) npuu = K, v > 0 3amenol c r; =
v1/4r2, s1 = —v'/%sy ceodumea x SFé’O; e)npuu =1, v =—-1/9, k = —1 3amenot
cs1 = V31 + \/5)52/3, ry = —\/5(1 + \/5)7“1 ceodumces x S’F;’O; f) npu u = 2k +
V3, v = —(2 + V3r)/3 samenoti ¢ Ty = (6v3 + 9K)Y?ry /3, 55 = —(2/3 + 3K)Y/ %5,
ceodumes K SFféO; g) npuv =u/9, k =1 3amenot c ro = V31, s3 = —V/3s1 ceodumea
K SERY h) mpuu = —1, v > —1/9, k = 1 samenoii ¢ v, = (6v + 2 + 20)1/2ry /2,
59 = —(60 42+ 20)1/2(30 — 1+ £)(8v) sy ceodumes x SFyy, £ = ((v +1)(9v 4 1))1/2;
i) npuu=1,v € (—o0,—1) U (0,4+00), k = —1 samenoti ¢ r; = (—6v — 2 + 20)'/%ry /2,
9= —(—6v—2+20)"2(=3v+1+£)(8v) s ceodumesn x SFy3’, £ = ((v+1)(9v+1))/2;
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19) NSF;3°: a) npuuw=2-(3/5)1/3 v =2.75"1/3 3 samenoti ¢ 1 = —15-1/3(5 4

2v/5) /31y, 31 = 15 1/3(2/5 — 5)Y/3s5 ceodumen x SF;% b) npuu = 3Y/6(\/3+£1)/2,

v = 3 1/6(i3 \/_)/6 samenoti ¢ 11 = F3 Y0y 5 = =333 F \/§)52/6 ceodumcas
xS 10 . ¢) npu v = (3u)"! zamenoti ¢ 51 =0, 1y = —ury ceodumes x SFy';

20) NSF3": a) npuu = =260, v = (1-302)0;" samenoti c 71 = 0,19, 51 = 20,(363 —
1)sg, 0. : 540° — 180% + 1 ceodumea x SFy’; b) npu u = (2/81)'/3, v = (3/2)1/3
samenoti ¢ 11 = 3734 £ 2/5) Y3y, 5y = 371/3(4 2\/_)1/332 ceo@umcx K SF
¢) npuu=—2"53 v =2"%3 zamenoti c 5, = 721/352 ro = 22/3r1 ceodumes x SF.
d) npu u = (8/3 +2v2)V/3/3, v = (?):I:?)\/—)l/5 samenoti ¢ 1 = (36 F 18\/_)1/37“2/37
51 = (=1 F 2v2/3) /35y ceodumea x SF’; e) npuu = 22/3 v = —2/3 zamenod

40

cry = 22/37“2, 5o = —21/35, ceodumca x S 245 ;

21) NSFy": a) npuu=1/9, v = —1/81 samenoti c 1y = (—14++/5)r2/6, 51 = (—1 —
\/5)82/6 ceodumca x SF14’0; b) npuv =u? u >0 samenoti c 1y = u 12py 51 = u/%sy
ceodumea x SF% ¢) npu v = u(du F (3u — D(~u)"?)(9u + )7L, u < 0 samenot
¢ = +(—u)2ry, 51 = 2u(£(—u)/? = 3u)"Lsy ceodumea x SFy’; d) npu v = —u?,
u < 0 samenoti ¢ r = (—u)/2ry, 51 = —(—u)/2sy ceodumes x SF3;L.

JoxkazarenbeTBo NpuBesieHo B daiie statement.mw xpanuiuina (CM. BBJEHHE).

Tenepn naiijem juHeitable 3amenbl (1.2), KOTOpbIE, cOXpaHsd HcciaempyeMyo dbop-
My CF/ 7,0 (m = 2,3,4), MeHSIFOT B Hell 3HAYEHUS] NAPAMETPOB C IIEJIbI0 MAKCHMAIBHO
OTPAHUYUTH WX BO3MOYKHBIE 3HAUECHUS.

YrBepxkaeHue 2.3. Toavko 6 caedyowur cAYHaAT 6 CFim’O samenot (1.2) ydaemes
usMeHuMb 3naverue o ¢ —1 na +1 npu corparerun 3HavEHUT OCMAADHHLT NAPAMEMPOS:
CF. 2’0 ¢ k= —1, samena c r1,s9 =0, s1,72 = 1;

CF; 0 o 3amena ¢ —r1, 82 = —1, s1,19 = 0;

CF]35 cu=—1/3, samena ¢ r1,—83 = 3_1/27 S = 21/33_1/67 ry = 22/33_5/6;

C’F23 oy damena ¢ 1, —8s2 = 1, 51,79 = 0;

C’F4O cu=-—2/9,v=3, 3amena ¢ —r1,82 =5~ 12 61 =—6-5"1/2 py = —2-5_1/2/3;
CF. 34K cu=—kr,v=—1, 3amena c ry,s2 =0, s1,r9 = 1;

CF° cu=—(3/2)13, v =2Y3374/3 samena c 1,50 = 1, 51 = —(2/3)'/3, 1y = 121/3,

0 .
4. . M ™0 samenoti (1.2) ydaemes uamenumo
Yreepxkaenue 2.4. B uemvipex popmazx CF
3HAMEHUS NAPAMEMPOS U,V

4,0 ; _

1) CF” co = 04, U = Us, U = 0y 3amenol ¢ 1,52 = 0, 51 = |u*|1/2u* L sy =
lus| 20t ceodumesn K cebe ¢ 0 = 0. signu., u = uv; 2, v = v 6 wacmmnocmu, npu
[vi| > 1 moorcho noaywums |v| < 1;

4,0 - -

2) OFg), €K = Fuy 0 = 04, U = U, V= Vs 3amenol ¢ 71,52 = 0, 51 = |u.] /2,

ro = |v.| Y2 ceodumea x cebe ¢ Kk = sign(usvy), 0 = 0. SigN Vs, U = KLVL L, U = Kaup

)

8 YACMHOCIU, NPU Uy, Vx| > 1 moorcno noaywums |ul, [v| < 1;

—-1/2

/7T2
—-1/3 —2/3 1/3 —4/3
[3,223 M =,

3) CFY ¢ 0 = 04, 4 = Uy, 0 = v, 3amen0l ¢ 71,50 = 0, 51 = |u.]
u*|u*|’7/6|v*|*1/3 ceodumea K cebe ¢ 0 = 0, SigN Uy, U = Us
¢ acmocm, npu [ > 1, 1 < |ve| < ul moorcno noaywumn |ul, [v] < 17

4) CF. 34K CU = Ux, V= Vs, K = Ky 3aMenol ¢ 11,52 = 0, $1 = v|uv|
luv| =14 ceodumea % cebe ¢ k = sign(u.vs), U = U 'Kk, U = V,ul2 u mem orce o;

6 wacmmocmu, npu |u.| > 1 moorcrno noaywums |u| < 1.

—-3/4 _
/4 ry =

3. CBeneHue MCXOOHON cucTeMbl K Kaxkaoii uz CF™° mpu m = 2, 3.
Hab6op 3.1. KomcranTs u juHeitHbIe HEOCOObIE 3aMEHbI, UCIOJIb3yeMble HUXKE:
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Y1 = 363 +4by, o = 27d3 — 483, s = 341 + (3661)3, Wy = dy + 22347,
s = (=3&1a; )3
L1 = {7"1 = 0, S1 = 33/2d17 To = 31/2, Sg9 = —31/201}, LQ = {7“1 = 31/2, S1 =
=312y, 13 = 0, 52 = 3%2a3}, Lz = {r1 = ¢, 51 = (—=b2(? + (b1 — 2¢2)¢ + 2¢1 —
3d2)(/3, 1o = 1, 89 = ((2ba — 3a1)¢? + (c2 — 2b1) —¢1)/3}, Tiie ¢ — mo6oe BelecTBeRHOe
OTJMYHOE OT HyJIsl YHCJI0, He ABJAoNIeeca HyneM MHorodwaena @Q = (a; — by)(? + (b —
c2)C + 01 da, nockonbKy det Ly = —CQ(Q);
L3 = {r1 = (31— (3u1)/?)ra/6, 51 = (3a1 + (3¢1)/?)52/6, 12 = 3v/24p; /*[3a1 —
Bon) 7% 02 =3v2 gy B+ (327,
Ligh = {7“1 o[ 78, 51,2 = 0,50 = v}, Ligs = {7“1 = (9d2+(3¢2)"/?)(6b1) ',

= (9da — (3¢2)1/2)(6b1) s, 52 = ¥2(9do + (312)/2)by 213 /18, 1o = 21/ %y /% |9ds +
)1/2| 1/4|3b |7/8}

LY, {m = T, 51 = 0452, 79 = (A1 — 1) (N —0:) " (e +0, — 1)~ Har —n.|~/?/3,

( 6.) " Mar — | ~/?},

L2’1 = {r1 = nura, s1.= 052, 72 = V2(ne — 0.) 7 ar — 3n. — 0. 7Y2, 80 = (. —
*) 1|CL1 |71/2

Lil = {r1,52 =0, 5 = |a| V% ry = a11|a1| 2y LZQ ={r = 73d1r201 L
51 =0, 79 = —52, 52 = \V/3|é1|” 1/2} L3 = {r1 = nura, s1 = Ous2, 12 = (s + b —
a1)(ar — )" s, s2 = (e — 0x) " Han — | 12y,

ng(l) = {7‘1,82 =0,8 = J2|d2| 1/2b1 R |d2|_1/2}, Lg:g = {7”1 = 14T2, S1 = 0,59,

ry = V3(n. —0.)|a1 +2n. 72, 52 = — (@ +277*)(d1—77*)’17“2/3}7 Ly = {r1 = —0.ry/2,
51 = 0482, 12 = 61/3~71/3|¢3|_1/27 82 = 2up3(tps — 9a1)~'/3},

Li51 ={ri,s2 =0, 51 = C |51|71/2, ry = |&| 7Y%}, Lzlg’s% ={r =0, =
—&16y 150, 9 = |c1| 12 g5 = _31/352(35 + )13 ey |2, L3’03 ={r = |cl|1/2c2 7
s1 =0, rg = &8¢ Lry, sg = 731/3|Cl|1/2 _1}7 L‘;’54 = {r1 = mra2, $1 = 0i82, 12 =

a1 — nu] Y2 (e — 02)7Y, s = (3a1 — 3n.) Y3 (e + 30, — 1)V}, Ligs = {r =
£(—62/3) %y, 51 = £3V2(by + &) (—¢2)~ 1/232/6 ro = 2(—382) /4 (by + 363)7 1, 55 =
24/3( 30)7/12 (b — &) T3 (b1 +382)}, Liys = {r1 = —(4d2)"?ry, s1 = (d2/2)"/3s,
= 21/5d 1/3|CL1 + (4d2)1/3| 1/2/3 Sg = 61/3(CL1 + (4d2)1/5)1/3((4d2)1/5 — 2a1) 1/57”2}

Ly = {r1 = mra, s1 = Ouso, 72 = |a1|” 1/2(77 —0.)7Y, sp = (ne — @)y ra,
Lgo(?g — {Tl = |G;1| 1/ , S1,T2 = 07 S2 = |G;1| 1/2 ) L;O?E} — {7‘1, S2 = 07 51 =
di|do|2dyt, 1 = |do VP, Lygy = {r = (4622)1/37“2/27 ry = 2130 | 71/2d, 7 3,
s1 = —(d4do) s, 52 = (1 — 2Y8aydy *)ar au|"V/2/3), Lygs = {7"1 = —0,12/2,

s1 = 082, 12 = 36/(b162 — 4d1)0,|Y/2, 55 = 972b1 (0162 — 4d1)02r2}, Liys = {r1 = 0,
S1 = ?/sdfl/s To = Cﬁl; /3|&1| 1/6, S9 = —7“2}

Logy = {ri,s2 = 0, 1 = da|dy|7/%, vy = |di|73/8}, L3y = {1 = |da| /5,
s1,12 = 0, 83 = |d1| S8}, Ly = {r1 = 2%/8|ds| /2| 71/2/3, 51 = (d2/2)"/3s5, s
—r182(281)7", 82 25/24|d2|3/2w4d‘4/3|w4|*3/2/3}7 Lyga={r =0, s =dir3, r2 =
21/8|2J§—J§|1/8, 5o = dad; 's1}, L23;5 = {r1 = nuro, 51 = 0,89, 79 = 2V/8(n, —0,) " a, +
20.|7V/8ay — 0|38, 59 = (e — @) (e — 0.)%r3}, Ly = {r1 = —2(61/18)3rg, 1y =
V&1 |74 (9a, + 182/38)/%)3(18Y/36,&/7 — 28,)| 71/, 51 = —(&1/18) 359, 59 = &/ (9-
1872/3ay + &1)r3 /9%, Liy, = {r1 = F(=d1)Y*ry, s1 = £(—d1)/*ss, 50 = 4(£dy +
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(—dy)V4da)(—dy) " /47,y = (—2d1)V/®(2dy = (—dy )V Ady|7/8|dy £ (—dy )/ 4da|75/8 2},
L3 = {r1 = —(4d2)Pra, 51.= (d2/2) /350, 15 = 2'V/24d, 3y + (4do) /3| 71/2 /3, 55 =
—9- 27284 %@y + (4d2)V/3)r3), Lagg = {r1 = £(—¢2/3)"?ra, 51 = Fbi(— 352)*1/232
ry = 3348 by + G TVE(by — é) 7Y, 52 = F(by — é2)%(—362)TV2r3/3}, Liph, =
{r1=+(— 3&152)1/25; o, 51 = 0, 19 = 3/4|G| /2 |dy | 7V/4(263 — 9d1|~3/8, 59 = Td, (263 —
9d,)(—3d1¢5)~ V2e1e3)
L2401 ={r1 =0, 8 = d1d2 S9, Ty = —3_1/6|c'i~2|_1/27 S |3d2| 2y L242 =

{r = ~}/3|cl| V2 s1,m9 = 0, s = |é1]|7/?}, Lg;&) = {r = aire, 51 = |3as|"3,
re = 37V5aPay |7V (dy — 2a8)73, sy = 0}, LiY, = {r2 = 2(ddo)"'/3r
o= (2/3)7/6 @/3|d2|1/6(21/3d1 +3d§/3)1/3|21/3621 + 3J§/3|’1/2(J;/3 _ 21/3J1)’1/3,
s1 = —(4d2)Bsg, s = (2/3)3/2|do|V/612V/3dy + 3dy° |72, 3D = {1 = nur,
s1= 0.5, 53 = [3a1| 72 (. — 0.)71Y, o = 375G an |2 (e — )M — an) V3,
Lyt = {r1 = F(=&1(3a1) " )/?r2, s1 = £(—1(3a1) 1)/ 250, 52 = [&1]7V/2/2, 15 =
F32/3a1/|&, |7 V/2 (5 £ 3ag)~1/3/2).

MmuoxkecrBo cucreMm (1.1) ¢ R # 0 pa3obbeM Ha TPU HEIIEPECEKAIOIIUXCsl KIIACCa:
11d1 #0; 2]dy =0, ag #0; 3] dy =a2=0.

JIemma 3.1. Jwbas cucmema (1.1) us xaacca k] samenots Ly, ceodumes x cucmeme

~ fay b & dy
A<1 no d) (3.1)

8 KOmopoy
1]: by = —9cidy + 9cady, & = Ibycrdy + 27bads — 3¢ + 9cidy — 18cicady,
= ¢1(27a1d? — 9bicrdy — 2Thad? + 2¢3 — 3c3dy + 9cicady) + Slagds,
a1 = c1 4 3da, Gy = 9bidy — 3¢2, dy = 27ayd? — 9byerdy + 263 npu dy #0;
6 2]: b1 = —9a1bs + 9bras, ¢ = 9a1b5 — 18b1agbs + 27c1a3 + Yasbacy — 3b3,
a1 = 3ai + by, dy = b2(27a§d2 — Salbg + 9b1a9bs — 2701(1% — 9asbyca + 21)3)7
Co = 9ascy — 3b§7 do = 27a§d2 — 9asbacy + 2b§ npu dp =0, ag # 0;

Q.
=
\

6 3|: a1,b1,¢1,d1,¢2,d2 npu di = azs =0 ecmov 6 datiae lemma.mw Tpanusvwa.
IokazaresbcTBO JIeMMBbI 3.1 Takke cofiepkuTcs B daiiie lemma.mw XpaHuauimia.

Teopema 3.1. Jlas 060t CF™° (m = 2,3) ua cnucka 2.1 yxasamsi: a) yeaosus na
xoappunuernmovr cucmemns (3.1), b) samena Lm’o npeobpasyrowas (3.1) npu yrasannvix
yeaosuax 6 CF™ 0. ¢) noayuaesmvie 6 pesyALIMAME 3HAMEHUA NAPALMEMPOS u3 cs)” 0,

CFQO. a) 01—0 d1 —b/9 Cg—bl, dg——a1b1/3 ¢1 > 0, b) ,C) K =
—signb, o = sign(3a; + (31/)1)1/2)

CFfOOK: 1)a)a =0,bp =0,¢ =0, =0, ds = 0, b) lel, c) kK = signdl,
o=1;

2) a) a1 =0, & = —3da, di = (27d3 — b3)(9b1) ", &2 = —by, ¥2 > 0, b) LTy, ¢) 0 =1,
K = sign l~)1;
CF: a) ¢ > 0, 3n2(a1 — n.)? — 4ém. > 0, di = 0., (20,0, + 1.1 + 202 —

n? = 20.a1), éa = 3(a1 — ) (0 — 1) — 302, dy = 202 + (a1 — 1) (02 + 1.0 — 262), 20e
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0.t 30,02 =3, (a1 —n.)0+E1 = 0, n. = (3a1%(31)1/2)/6, b) LY, ¢) o = sign(@ —n.),
w = (30 + 20, —2a1)(ar — ) (N« + 0s — a1)"2/9;

CFyY: a) ¢1 > 0, (61, — 3a1)% — 12(3a1m. — 302 + 262) > 0, a1 # e + s,
61 == 377*(77* +9*)(a/1_77*_0 )/2 dl - 9*77*(77* +477*9 +93—d1(77*+9*))/27 d2 = ((277*+
0.) (M —0.)a1+ (ns+0. )(02+377*0 727]*))/2 20e 0, : 302+ (61, —3a1)0+3a1n. —3n2+2¢,,
e = (3a1 = (31/)1)1/2)/6 b) L217 c) k = —osign(a — 3nx — 04), o = sign(a; — ),
w=3(a1 — n—0)(@ — n) /2

CFM: 1)a) by =0,¢=0,d, =0, =0, b) Lf;‘f, ¢) o =signay, u = dady >
2) a) Gy = (& — 81d3)(27d3é1) Y, by = &d;?/3, é2,dz = 0, b) L33, c) o = signéy,
u=-81dser i i
3) a) a1 # Nx + Ox, by = 307 — 3a1n., dv = ¢ + (0. — 61277* — 0207, d2 = 1.0, (0. + 6.),
ede ny: 3n° — 3ain? — éan + ¢1, 0. = —cany /3, b) 4g, c) o =sign(a; — n), u =
Ne(Me + 0 — a1)? (@1 — n.) ™%

CFy%: 1)a) a1 =0,6=0,d1 =0, =0, b) L3}, c o =signds, u=d3b;*
2) a) &1 = Mub(ar —4n.) + 207 (@1 —14), di = (1 (@1 +20,)0F =17 (261 — 51 )05 — 207 (@1 —
14))/3, d2 = ((@1 + 277*)95 + (a1 +21:)05 — 207 (a1 — 1)) /3, 20e .2 3 — (3aF + 2by +

é2)n — a1(by — é2), 0. = —(n? — a1ns + G2)(ar +2n.) "1, b) Lg;g, c) o = sign(a; + 2n.),
w=(ay + 2n.)(2a1 — 2, — 36,) (a1 — n.) "3 /27;

3)a) by =0, di = a161/3, &2 = 39 (0 —201)/4, dy = &1/3, 20e 0, = —(4¢1/3)'/3,
b) Lg;g, ¢) o = signis, u = 1693(9a; — ¥3)~3/27;

CF’: 1)a) a1 =0,by=0,d1 =0, =0, b) L}, ¢) o =signéy, u=da&y ';
2) a) a1 = &3¢ ', by =262, dy =0, dy = 261 /3, b) Lz}, c) o =signér, u=2/3;

3) a) a1 = (& + &)(6162) 7", by = —Go, d1 = —&363 /3, dy = —¢1/3, b) Lz, ¢) 0 =
signéy, u = (362 + 263)é; % /3;

4) a) (33 +2by +262)2 +12a3 (by — 263) > 0, &1 = (g —14)02 + (a1 — 41 )00+ (a1 — 0 )02,
di = —((a1 — 4n:) (e + 0104 + (a1 — 0)n2) /3, d2 = ((2a1 + 0.)07 — (@1 — 4110 —
(&1 —77*)773)/3, 2de Ms 3&1772 — (3&% +2b; +252)77— dl(bl — 262), 0. = —(b1 —‘rég)(gdl)_l,
b) Lis,, ©) o =sign(a —n.), u = (2a1 +n.)(@1 — n.)~1/3;

5) a) a; = T2(—é/3)12, &1 = F3Y2(by — &2)2(—E2)1/2/12, dy = (b2 + 2)/18, dy =
F3Y2( + 6b1é + 3)(—E2)~V/2/36, b) LiYs, ¢) 0 = F1, u=1/3;

6) a) by = 0, & = 3dy/°(2723ay — dy?), di = anda, & = —3-27Bady/®, b) LY,
C) o= sign(éh + (4622)1/3), u = (2&1 — (4&2)1/3)(&1 =+ (4&2)1/3)_1/3;

CFQSdO: 1) a) l~)1 #0,¢ =3(a — 77*)02 377 0., d1 = (ns — a1)03 + 12602 + n3é,,
CZQ = ’17*9 (’17* + 0, ), 2de Ne = dlég(gl =+ 62) 1, 0. (b1 + CQ)Gl /3 b) 20017 C) o =
signay, u = b3ay2(by + &)~ 2/3;

2) a) b1 =0,¢1=0,=0,dy =0, d17é() b) L2027 ¢) o =signas, u7d1a14,
3)a)a; =0,b; =0, =0, =0,d; #0,d, #0, b) Lgoo?,, ¢) o =signdy, u = didy*;
) ) dg 7é 2a1, b1 = 3(d2/2)1/5(2a1 (4d2)1/3), c1 = 3(&1(4612)2/5 - ?)dz)7 d1 = d2(8a1 -
3(4d)'/3)/2, & = 3(4d2)?/3/2, b) Ly, ¢ u = (234 — dy*)3(do/2)" /347, o =
signas;

5) a) a3 = —(362 +2b1)(66 )7L, & = (0162 — 6d1)0;, ¢ (b192 —3d1)0,2, dy =
(b192 — 3d1)(39 ) b192 7é 3d1,4d1, 4b2 18d1 > 0 2(}6 9 394 + 8[)192 — 24d1
b) L3y, ¢) o = 81gn(b102 4dy)0., u = 21132O(b10 73d1)06b3(b102 4dy)%;
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6) a) by = 3a;°dy/%, & = 3a,°d/°, & = 0, dy = 0, b) L3, ¢) o = signar, u =
e

CFyd: 1)a)a;=0,by=0,6=0,é#0,dy =0, b) L3y, ¢) 0 = 1, k =signdi,
U= &152|J1|_3/23
2)a) d = 0,by #0,6 = 0,8 =0,d =0, b) Lyy,, ¢) 0 =1, k = signdy,
u = by|dy| "1/
3) a) ap = —22/3(213d, + 3dy/%)d; Y, ay # 0, by = 3-22/3(dy + 2dy*)d,*®, & =
3(24/3dy +5dy*)dy VP, Gy = —3(3-2/3dy +7dy*)(2d2) /3, b) Liyy, ) o =1, k= —1,
u=3.2"5/6(21/34, +3d4/5)¢4 ;
4) a)d; = —d3d;2, by =3d3d; ', &1 = —3dy, & = —3d3d; ' /2,d2 #0, b) L3y, ¢) o =1,
k= sign(2d3 —d3), u = 3d3[4d3 — 2d3|1/?;
5)a)d :( **01)9 + (M — @) 07 + (205 +a1)n20. /2 +ain? /2, éo = 3a1(0s 77*)/2*
310, dg = (N — a1)02 + (2. + a1)n.0./2 + @177*/2 ede 0. = (3a10. + b1)(36. )
0, : (9a2 + 6b1)0% + (983 + 9a,b1 + 6¢1)0% + (6a2b; + 20%), b) L25,,05, c) o = 1
K = sign(n, — a1) (@ +260.), u = 3a1(a1 — n.)|ar — .|~ 3/212a; + 460,712
6) a) dg # 0, by = 181/3(181/3a15}/3 282 /6, dy = & (T - 182/5~1/ — 27ay)/162,
& = 182363 (9a, — 2 - 182/361/3)/108, dy = (181/3‘@1(;?/5 — 38,)/9, b) L§306, <)
o =1k = 751gn(9a1 + 182/3¢ 1/3)(181/511 53/ —2¢1), u = 3 - 182/31110 (9a1 +
82/3 1/3)|cll 1|(9a1+182/3 1/3) (1 181/3G,& ~2/ —28))|” 1/2/27
7~) a) a1 = —dg( dl) 1/2 b1 = 3(d1 i( d1)1/4d2))( Czl) /2, 51 = 0, 52 = —61,
di < 0, b) L3y, c) 0 = 1, k = —sign(dy * (- di)!/4dy)(2dy £ (=di)'/*dy), u =
3(—6?1)1/4(i621 + (—J1)1/4CZQ)J2|621 + (—J1)1/4CZQ| 3/2|4d1 + 2( )1/4d | 1/2
8) a) a # 0, by = —3 2738 %a; + (4d2)'/3), & = —3d§/5(21/3 + 4,
2 = 3-2234%(3a, + 253dy%) /4, dy = —do(@ + 3(4d2)"/?)/2, D) Lygs, ¢) o = 1,
k=—1u= 3 272G, (a1 + (4d9)'/3) 1

9)a) a1 = £2(—2/3)/2, & = £(b3—3)(—362) V2, di = — (b} +b3ca—2b163—3)(982) 1,
¢o < 0, dg (b1 — 20169 — E3)(—3é2)~ 1/2/3 b) L§309, c)o=1, k= —signég(?)l + é2),
u = 73|02|3/202 |b1+02| /2,

10) ) a; = :FQCQ( 3d162) 1/ /3 c1 = —3d2, dg = idlcg( 3&152)_1/2, Czlég < 0,

b) Lgéqlo, c) o =1, k = —sign(2¢3 — 9d1) U= —3d102(202 — 9d1)|263 — 9d1|_3/2|dl|_1;
CF2340. 1) a) do # 0, a1 = —d3d; %, by = 3d3d; ", &1 = —3da, & = —3d3d; ",

b) L ¢) o = —signdy, u=9"2/3(d — 2d3)dy *;

2) a) &1 0, =0, d; #0, é2 =0, ds =0, b) LQQL.Q, c) o =signéy, u= J10;4/3,
3)a) by =0, & = —3a3, & = —3a3, dy = 2a3, b) L;ES, ¢) o = signay, u = (d —
2 )1 3( ) 4/3

4) a) @ (2d1+3 AY3@/3)(8dy) L, by = 3-275/3(21/3d, —di/*)dy Y3, &y = 24(2Y/3d, —
5d4/3)d—1/3, Gy = —3-278/3(3. 21/3d +dy*)dy P, dy # 27 3dR, b) Ly, ) o =

signds (2/3d; + 3dy%), u = —2-374/3(21/3d, — dy/*)4/3(21/3d, + 3dy/*) /3,

5) a) &1 = 3(a1 — ) (e + 0.)05 — 3a1n2, di = (. — a1)(n? + nbs + 02)0, + 26172,
dy = (ne—a1) (s +0:)0.+2a17?, 20e N = —(b1+¢2)(3a1) ™", 0 = —a1by (3@ +b1+¢2) 77,
b) L3£5, c) o =signay, u=3"43(n. —ay)"/?(2a; + 9*)_2/3(1;4/3;

6) a) by = é1a7" F Ysay, di = & (£3sa? — ¢1)a;2/9, G = +2sa1 — 1y, dy =
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~ < 3,0 3,0 o .y .
—2¢1/3, aé1 < 0, b) Lyyg, ¢) CF, ¢ o = —signéy, u = —3 5/3(2p5a2 — &) (s +
S \1/3~—T7/3 1
3a1)'/3a; /¢5 .
JlokazaresbeTBO npuBeieHo B daiisie theorem.mw xpannimiia (cM. BBejieHHE).

B pesysnbrare s so6oii cucrembl (1.1) ¢ R # 0, ucnons3ys jgemmy 3.1 u reope-
My 3.1, MOXKHO yCTAHOBHTH, SKBHBAJICHTHA JIH OHa Kakoii-m6o dopme CF;" 0 (m=2,3)
u3 cnucka 2.1, 1 B cilydae MOJIOXKUTEJILHOI'O OTBETa YKa3aTh KOMITO3UIIMIO 3aMEH, CBO-
JISAIYIO ee K JIMHEHO SKBUBAJIEHTHON (bopme C’Fim’o7 a TaKyKe KOHKDETHbIE 3HAUEHUSI
apamMeTpoB U3 cs,’in’o.

4. TIpusioXkeHue Moy YeHHbIX pe3yibTaToB. B pabore [6] A. Cuma u 2K. JIuGpe
pasbuim MHOXKecTBO cucteM (1.1) Ha JIECSTh JIMHEHHO HEIKBUBAJEHTHBIX KAHOHMYECKUX
kiaccoB (KK) ¢ mesibio moIyuuThb TOIHYIO TOIOJIOTHYECKYIO Kaaccudukanmio hazoBbix
noptpeToB B Kpyre Ilyankape.

Pa6ora nossossier HapucoBaTh (pa30BbIil TOPTPET BLIOpaHHOii cucTeMsl ¢ | = 0, eciin
ycranosieH KK, K Koropomy OHa OTHOCHTCSI, U HafijleHa JuHeiiHas Heocobast 3ameHa (1.2),
cBopamas (1.1) Kk Kakomy-smbo upejgcrasurenio yeranosiennoro KK. A g cucrem ¢
I > 0 ykazam T0IbKO HAOOP BO3MOXKHBIX (DA30BBIX MOPTPETOB B Kpyre llyankape.

Toumnee, B [6] mpousBosbHoit cucreme (1.1) & = P(x1,x2) 6bl1a comocTasieHa GHHAD-
mag dopma f = x1 Py (21, 22) — 12 Py (21, ¥2) = apx +4a12319 + 600222 +4azr 23+ asxs.

Hauee, ocHoBBIBasich Ha pabore I'. I'ypesnua (G. Gurevich) [8], 6puta ocyriecTsiaeHa
kiaccudurkanusg 6unapueix dhopm f(x1,x2) orHOCHTENbHO 3aMeH (1.2), ocHOBaHHAs Ha
HICTIOJIB30BAHNH AJIreOpanIecKuX NHBAPHAHTOB H f = (fu,2, frses — [2,4,)/ 144 — reccuan,
Dy = zz;’c — 27]? — JUCKPUMWHAHT, & TaK¥XKe 12H]% — iff2 n2igHy—3jsf, rne iy = agas —
4araz + 3a§, Jf = apaza4 + 2aiaza3 — a%a4 — a0a§ — a%. Brimo moywerno mecaTh auHeiHO
HEIKBUBAJIEHTHBIX KJIACCOB U B KAXKJOM U3 HUX BbIJeIeHa 00pa3yonas — KAHOHTIeCcKast
ounapuas opma (KBD) F; (i = 1,10) (cm. ciucok KBD B [6, crp. 437]).

Kpome Toro, nna xaxmoit KB® 6bur ykazan KaHOHHYECKHN KJIACC CHCTEM, KOTO-
DPBIM OHa COTIOCTABUMA, 3aBUCAIIII OT MapaMeTpoOB P1, P2, P3 W, BO3MOXKHO, «, t. Crmcok
KK; (i =1,10) npusesnen B [6, crp. 436]. Boiio mokazano, uTo s o6oit cucremsr (1.1)
Hafigercst 3amena (1.2), ceoggmast (1.1) K npesgcraBuTeso oxHOro u3 BbleneHHbXx KK.

Ormerum, aro KB® BoiOUpa nch Tak, 9T00bI OBLIO YI00HO WX WCIOJIH30BATH IIPU
HaXO0XKJIeHnn (pa30BbIX NOPTPeToB B Kpyre Ilyankape. OCHOBBIBasiCh Ha PE3yJIbTaTaX pa-
Gor [9, 10], 6blM TONYUYeHBI YCJIOBHUsS Ha 3HaueHHns MHOorowneHa Pi(l,z5) mus soGoro
KaHOHWYECKOIO KJacca, IJie Xh — IPOU3BOJIBHBIH Hynb conocrasieHHoit KB® (cu. [6,
cTp. 446]), KoTOpbIe MO3BOJISIOT BBIIECJUTH (DA30BBI HOPTPET U3 CIICKA, IPUBEIEHHOIO
B [6, cTp. 444].

Takum 06pa3oM, OCHOBHAsT TEXHUYECKAs TPODJIeMa, CTOSINAsT Ha, Iy TH TPAKTUIECKO-
ro IpUMEeHeHUs! clesanuoii B [6] Kiaccudukalmm, 3aKI09aeTcss B TOM, 9T00bI HAWTH B
SIBHOM BHJI€ YIOMSIHYTYIO BBIIIIE JIMHEHHYIO 3aMeHy.

[TponemoHCcTpUPYEM, KaK MOJIyUYEHHbIE B HACTOSIINEH paboTe pe3ysibTaThl MOYKHO UC-
[OJIB30BATH JIJIf KOHCTPYKTHBHOIO IOCTpoeHus ($ha30Bbix moprperos cucrem (1.1). s
9TOro mcxomuyo cucremy ¢ | = 0, ko3 durmeaTs KOTOPOit mocje 3aMeHbl Ly, ¢ T0JK-
HbM k (cM. bopmyist (3.1)) yIoBIeTBOPSIIOT OJJHOMY U3 YCJIOBHI TeopeMbl 3.1, cBeseM K
COOTBETCTBYIOIIEH KaHOHNYIECKOU (popme u3 crmcka 2.1.

[TpeosiozkuM, 9TO MOJIyYeHHAs [ocse 3aMeHbl Ly, cucrema (3.1) ykasaHHO B Teo-

peme 3.1 3aMeHOl CBOAUTC K CF;’S =0 (g 8 1(; (1)> cu#3/2upu k=—1.
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3,0
Borancomm 6unapuyio gopmy CFy', 1 ee MHBapHAHTBL:

f=—kaizo+ (1 —uw)ziz3; Dy=—r(u—1)3/64, Hy= —(ka? — (u—1)x3)?/16,
Hy = —(ka} — (u—1)x3)?/16, 12H} —iff* = 32%/64 + k(u — 1)af23/16+
+25(u — 1)?2123/32 + r(u — 1)32325 /16 + 3(u — 1)*25 /64  (if = k(1 —u)/4, j; =0).

1L.Hycteu > 1,k =1nmu < 1, Kk = —1. Torma Dy < 0, mosTomy C’]*—'QS{J JOJKHA

comuThest B KKs ¢ marpumeit A = (I’Ll ZQ Z?’ ;) (#0) u KBO® F3 = p(x} — x3).
1 2 3

B camowm geste, mocite 3amenst (1.2) ¢ {r; = 274k (k(u — 1))
274 (k(u—1))"3/%, s =75} u 3aMenbI BpeMenn t = 6,47 (8,5 = 1S9 — 5173) MOTydIaeM
Acpups=ulu—1)""pp=—(u=-3)(u-1)"mp=-L

Muorounen F3(1,x5) umeer nymm 41, Torma Py (1,1) = —4(u—1)"% Pi(1,—1) = —4.
Iposepsis ycaosus u3 |6, crp. 446], naxomum, uro upu v > 1, k = 1 nanubIil UpejcTaBu-
resib KK3 nmeer daszosbiii noprper N11 u3 [6, crp. 444], npn v < 1, K = —1 — N10.

Ocrasimecst Ba CJIydasi UCCIIEyeM aHAJOTHIHO.

2. lyctbu=1,ax=1mwm x = —1. Torma Dy =0, Hy < 0 upu z; # 0, nosromy
CF;’P samenoit (1.2) ¢ {ry = 0, s;1 = 1, ro = 4k, s2 = —4K} u 3aMeHOl BpeMeHI

1/8 _ _
R T

%1 Z p3p42r2 s 112)7 B KOTOpO#t p; = —64, po2 =
128, p3 = —66, u KB® F5 = 4(xy — x1)23. [ockombky Pi(1,0) = —64k, Pi(1,1) = —4,
HaXOJIWM, ITO TIpu Kk = 1 mamubiit mpeacrasurenb KKy nmeer dazossrit moprper N11,
upu K = —1 — N10.

3. Hycrbu <1,k =1mwmu>1,x=—1. Torna Dy >0, Hy < 0 upu 2% + 23 # 0
u, KaK merpyamo y6emurnest, 12H7 —ipf? > 0, mosromy C’FQ‘O’,&O zamenoit (1.2) ¢ {r; =
—3YA(1 + V2R3 + 2v2) L k(1 — w))VS, 51 = 3YAG3 4+ 2v2) V2 (k(1 — )5, 1y =
—k(3(17 + 12v2)) /4 (k(1 — u)) /8, 53 = —k3Y4(k(1 — u))"3/8} u 3amenoit Bpemenu

p1 o p2+3(1+put) ps —6p°

6p® p1 p2—3(1+ut) ps ) 7D
B KOoTOpOit 1 = 6(1 4+ v2)(u+ 3+ 3v2)(1 —u)™Y, po = 12(4 + 3v2)u(l —u)™!, p3 =
6(7+5v2)(u+3—-3v2)(u—1)""1, p=1+v2,u KB® Fy = 6(p2a} — (1+p*)ziod+ pal).
Hockombky Py (1, —p) = 480 + 33612, Pi(1,—1/p) = 24(2+v2)(u—1)"", Py(1,1/p) =
—48(2+V2)(u—1)"", Pi(1, ) = 24(10+7v/2)(u— 1)1, maxomum, wro mpu u < 1, k = 1
mauubiii npeacrasurens KKy mveer daszosorit moprper N4, mpu v > 1, k = —1 — N2.

DO BB

®Dazosble nopTpeThl B Kpyre [lyankape

ceoguresa B KKy ¢ marpureit A= (

croqurcst B KKy ¢ marpureit A=

Takum ob6pazoM, Jobast cucrTeMa, JUHEHHO SKBUBAJIEHTHAA KAKOMY-JINOO TIPEJICTABU-
3,0 .,
remo CFy' cu > 1mk = 1, B xpyre Illyankape nmeer asopsiit noprper N11, necmorpst
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Ha TO 9TO CF;;,S npu © =1 u u > 1 OTHOCUTCA K Pa3HbIM KAHOHHYECKUM KJIaccaM COOT-
BercrBenHo KK3 1 KKj5. To ke cripaBemymmBo f1s1 3HaUennit mapamerpoB u < lu k = —1,
OTHOCSIITIX CF;’S K dazosomy noprpery N10.

Bosepammasice K ciydasiM, Korja B cucteme (1.1) mmeercst oOmuit MHOKHUTEND CTe-
nenu [ > 1, uccienoBanHbiM B paboTrax [2-5], orMeTnM, UTo JIs HAXOXKeHus! (ha30BBIX
nmopTpeToB B Kpyre llyamkape cieayeT 3aMeHOH BpeMeHH CBOAMTE Tosydennbie CF™!
K JIBYMEPHBIM OJTHODOJIHBIM KBaJ[PATUYHBIM CHCTEMaM, KaHOHMUYECKNE (DOPMBI KOTOPBIX
Hafinensl B [11], a daszossie nmoprperst B [12, 13].

Kpowme Toro, ormernm, uto B [14] nposesena knaccudukanus u nosydeHsl dhaszo-
BbIe TOPTPeThI B Kpyre llyankape ABYMEpPHBIX KBaJIPATUIHO-KYOUIECKUX OJIHOPOJIHBIX
CUCTeM, He NMEIOINNX ODIIEro MHOXKHUTEJIH.
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The present article is the sixth in a series of papers dedicated to two-dimensional cubic
homogeneous systems. It considers a case when a homogeneous polynomial vector in the
right-hand part of the system does not have a common factor. A set of such systems is
divided into classes of linear equivalence, wherein the simplest system being a third-order
normal form is distinguished on the basis of properly introduced principles. Such a form is
defined by the matrix of its right-hand part coefficients, which is called the canonical form
(CF). Each CF has its own arrangement of non-zero elements, their specific normalization
and canonical set of permissible values for the unnormalized elements, which relates the CF
to the selected class of equivalence. In addition to classification, each CF is provided with:
a) conditions on the coefficients of the initial system, b) non-singular linear substitutions
that reduce the right-hand part of the system under these conditions to the selected CF,
c) obtained values of CF’s unnormalized elements. The proposed classification was primarily
created to obtain all possible structures of generalized normal forms for systems with CF in
the unperturbed part. The article presents another application of the resulting classification
related to finding phase portraits in the Poincare circle for CF.

Keywords: homogeneous cubic system, normal form, canonical form.
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