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B crarbe nokasana Teopema 06 yCHJIEHHOM 3aKOHE OOJIBIIMX HHCEJI JUUIst JTUHEHHBIX DyHK-
i KOHKOMHUTAHTOB (MHJIyIMPOBAHHBIX IIOPSJIKOBBIX CTATUCTHUK) Ui HOCJIEI0BATEIHLHO-
CTell He3aBUCUMBIX OJUHAKOBO PACIIPE/Ie/IEHHBIX JBYMEPHBIX CJIyYallHbIX BEKTOPOB. Pe3yib-
TaT JONOJHsieT npeaiiecTByoomue paborsl dura (1981), I'pubkosoit u 3uruxuca (2017,
2019). [JokazarenbcTBo 6Gasupyercs Ha CBOMCTBE YCJIOBHON HE3ABUCHMOCTH KOHKOMHTAH-
ToB Bxarrauapua (1974), npumeHsieTcsl yCHJIEHHBII 3aKOH OOJIBINNX duces JUIsd (DyHKI(HA
HOpsiIKOBbIX crarucTuk BaH Igera (1980), kiaccuueckue HEpaBEeHCTBA, B TOM YHCJIE HEPa-
BeHcTBO Posenrasns (1970).

Karouesvie ca06a: KOHKOMUTAHTBI, WHIYIIMPOBAHHBIE MTOPSIIKOBbIE CTATUCTUKU, JTUHEHHbBIE
KOMOMHAIINY, YCUJIECHHBIA 3aKOH OOJIBIINX TUCEJT.

1. Beegenmue. Ilycrs {(X,,Y,)}52,; — mocse10BaTeIbHOCTD HE3ABHCHMBIX OJIHHA-
KOBO PACIIPEJICJICHHBIX JIBYMEPHBIX CIIy9aitHbIX BEKTOPOB, X 1. < - -+ < X, — IOPSKO-
BbI€ CTATUCTHKH, COOTBETCTBYIOIIHE TIEPBBIM 7 3JIeMEHTAM IIePBOil KOMIOHEHTHI TIOCIIe0-
BaresibHOCTH. MBI By/ieM nmpejinosaraTs, 4To nepBasi KOMIIOHEHTa BEKTOpa UMeeT Hellpe-

DPBIBHOE pacIIpejiesieHne, TOTJa C BEPOSTHOCTHIO 1 cpean 3nadenuit X,.,, r = 1,...,n,
HET COBNAJIAIONINX, 1 MBI MOKEM OJIHOZHAYTHO ONPEJETUTH KOHKOMUTAHT Y];..p,], COOTBET-
CTBYIOMHH r-if mOpAaKoBOit craTucTuke Xp.p, r = 1,...,n, paBeHCTBOM Y|,..,,) = Y}, ecim
Xrn =X j-

TepMuH xKonkomumarm r-i nopadkosots crmamucmuru obL1 BeeaeH I. Taiisugom [1].
Psay ocHOBOIOJIArAIOMUX sl TCOPUH KOHKOMHUTAHTOB PE3yJIbTaTOB ObLT IIOJIyYeH B pa-
6orax Bxarravapua |2, 3| (KoTopblit IpeIOKuI J1ist Y]y, ATBTEPHATHBHOE HA3BAHIE —
UHOYUUPOBAHHYLE NOPATKOBBIE CTRAMUCTIUKY), & TaKXkKe B paborax [4, 5]. Muorumu aBro-
paMy U3y9aJiuCh CBOHCTBA MHOTOMEPHBIX KOHKOMUTAHTOB (CM., HAIID., [6, 7]) 1 KOHKOMU-
TAHTOB B IOCJIE0BATEIBHOCTSIX 3aBIUCUMBIX CJIydaiiHbIX BesmunH (Hamp., [8]). B [9, 10]
Eroposbim n HeB3opoBBIM OBLIO IIpeIIozKeHo 0006IIaromee ornpeieaeHue H Ly IInPOBaH-
HBIX HOPSAIKOBBIX CTATHCTHK, IIPH KOTOPOM KOHKOMUTAHTDI Y]] HyMEPYIOTCS B TIOPSI/IKE
Bo3pacranus 3uadenuii f(X, ), UpuHEMaeMbIX HEKOTOPO#l m3Mmepumoii dyukuueir f. B
9TUX paboTax OLIIN N3YIEeHBI CBOMCTBA 0DODIIMEHHBIX KOHKOMUTAHTOB, B TACTHOCTH JOKa~
3aHA ACUMIITOTUIECKAsT HOPMAJIbHOCTh UX HOPMHUPOBAHHBIX CyMM. OTMETHM, 9TO YacT-
HBIM CJIy9aeM TaKHX OOOOIIEHHBIX KOHKOMHTAHTOB SIBJISIOTCS, HAIPUMED, aOCOJIOTHBIC
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nopsizikoBble craructuku [9]. B 3aBepiienue 31oro KOpoTkoro 0630pa, yroMsiHeM paboThl
Hasbinosa u Eroposa [11, 12], B KOTOPBIX JJIsl IOCIEJ0BATEIBHOCTE HHLY IUPOBAHHBIX
MTOPSIIKOBBIX CTATUCTUK JIOKA3aH PsiJl (PYHKIIMOHAJIBHBIX IIPEIe/IbHBIX TEOPEM.

B 370i1 3aMeTKe MBI paccMaTpuBaeM JIMHEHbIe KOMOWHAIMY WH/LYIIMPOBAHHBIX I10-

PAAKOBBIX CTaTUCTUK
1 & T
T, =— Y. —_— 1.1

r=1

Jutst mocsteioaresibHoctn (X, Yy,), o= 1,2..., HesaBucuMbIx HabIOeHNU, T1e w
[0,1] — R — 6openesckas dbyHKImMs BecoB. MBI Jl0Ka3bIBaeM pe3ysIbTaT O CXOIUMocTH 1),
K MIOCTOSIHHOMY TIPefiesly ¢ BeposTHOCThI0 1. Harre mccireqoBanne MOTUBHPOBAHO IIPEI-
mectBytouMu padoramu fura [13-15] u I'puGkosoit n 3urtukuca [16, 17|. JIuneitnsie
KOMOMHAIMN KOHKOMHUTAHTOB BH/a (1.1) HAXONAT IpUMeHeHNe B IIPUKJIAHON CTATHCTH-
ke. Tak, B craThsx [6, 14, 15] obcyKaanuch pasiudHble PUIIOKEHUS, HATIPHMED JIJIsi
OIIEHKN NapaMeTpoB perpeccun. B paborax fura [14, 15| 6buin 10Ka3aHbl BAPDHAHTHI
[EHTPAJIbHON [IPEJIeJIbHOM TeopeMbl /sl HODMUPOBAHHBIX crarucTuk Buja (1.1), ogHako
3aKOH GOJIBIINX YUCE, T. €. CXOJAUMOCTD CTATUCTUKY T}, K MOCTOSHHOMY IpEIETy (B TOM
UJIA MHOM BEpPOSITHOCTHOM CMbICJe), SlHroM He paccmarpuBajicd. B crarbax I'pubkoBoit
n 3urnkuca [16, 17] nuHeitHbIe KOMOMHAIINE KOHKOMUTAHTOB MOSIBJISIINCH KAK COCTABHBIE
YACTH OIEHOK Dsijia IKOHOMHUUIECKNX 1 (DMHAHCOBBIX TI0Ka3aTesell (HaupuMep, B3BelleH-
uoro 6era JIxxuun). Ilpu nzydennn acuMIToTu4ecKux CBOWCTB 9TUX OLEHOK B [16, 17] GbLt
[IOIIY THO JTOKA3aH P Y TBEPKIACHUIT O CXOINMOCTHU JTUHEHHBIX KOMOMHAIII KOHKOMUTAH-
TOB K IIPEJIEYy B CMBICJIE€ CXOJUMOCTHU IO BEPOATHOCTH, TO €CTh CJIA0BIN 3aKOH OOJIBITHX
qucesi. B 910l paboTe MBI JJOKa3bIBAEM CXOJMMOCTH C BEPOSITHOCTHIO 1. HackojbKO MBI
3HAEM, YCHJIEHHBIH 3aKOH GOJbIMX unces jias cratuctuk T, suga (1.1) HEKeM panee
He u3ydaJics. Hale joka3areibcTBO 6a3UPyeTCsl Ha CBOWCTBE YCJIOBHOM HE3aBUCHUMOCTH
KOHKOMHTAHTOB |2|, IPIMEHSIIOTCS KJIACCUIeCKUE HEPABEHCTBA, B YACTHOCTH HEPABEHCTBO
Posenrass [18].

2. OcHoBHO# pe3yinbTat. Beesem o6oznavenne Fx(x) = P(X < ) mus dyHKimn
pacipesiesenus ciyyaitnoit eranast X n Fiyl(u) = inf{z : Fx () > u}, u € (0,1), —
IJIS ee HeIPepLIBHO ciea nasepcenu. OnpenennM QyHKIMNA yCIOBHOIO MATEMATHIECKO-
IO OKHIAHUS

gvx(z) = BY|X = 1] (21)

U yCJIOBHOTO abCOJIOTHOTO MEHTPAIBHOTO MOMEHTA MOPAIKa o > 0
vy x(z) = E Y = gy x(@)|*X = 2], (2.2)

KOTOpBbIe OyJlyT KOPPEKTHO OIpelesieHbl Ipu BceX & € R B yc/ioBusIX MpeICTaBIEHHOM
HIzKe TeopeMbl. Bynem ucnosb3oBars oboznadenue LP[a,b] mis xiuacca Gyuruuii, abeo-
JIOTHO MHTEIPUPYEMBIX B CTEleHU p B mHTepBase [a,b], a < b, u oboznavyenue f oh —
Jutst Komriozunnu dyukimit f u h.

OCHOBHBIM PE3YIHTATOM PAOOTHI SBJIAETCS CJIEJIYIONIAs TEOPEMA.

Teopema. [Ipednonosicum, wmo dynkuus Fx nenpepviena u cywecmeyrom p,q €
1, 00, %—&-% =1, makue wmo v?fl}‘i o Fy! € £P[0,1] u |w|?**9 € L£9]0,1] daa nexomopozo
0 > 0. Tozda

1 n r n.H.
To= 2D Y (n+1> e’ B we Fx (X, 23

Becmmnux CII6I'Y. Mamemamura. Mexarnuxa. Acmponomusa. 2020. T.7(65). Bun. 3 419



20e Fx (X) — cayuatinan seaununa (3navenue dyrnxyuu pacnpedesenus Fx om cayuai-
noeo apeymenma X ), umerowasn pasromeproe na [0, 1] pacnpedeserue.

JOKABATETHBCTBO. Ilpencrasum T, B BuJie CyMMBI JIBYX CJIAraeMbIX:

T, = Tn,l + Tn,27 (24)
rie
1 n
Tn,l :E Z QY\X(X'P:n)wr,nv
r=1
1 n
Tn,2 :E Z()f[r:n] - gY\X(Xr:n))wr,n~
r=1
3/ech U Jlasee MBI HCIIOJIB3YyEM COKPAIEHHOE O0O3HAYEHUE Wy = W (nil) Ilepsoe
ciaraeMoe B mpasoil dactu (2.4) (r.e. Ty,1) — 9r0 snHeiinas KoMOuHAIWs QyHKIMI

HOPAKOBBIX CTATHCTHUK, U JJIsI Hee BBITOJHEHBI yCIOBHA YCHJICHHOTO 3aKOHA OOJIBIIIX
quces Bat [pera [19, ciaencrsue 2.1]. HeiicrBuresbHo, U3 TOro, 4To U?/T)é( oFy Ye £r[0,1]u
|w|?*9 € L£9]0, 1], cremyer, uTo gy‘XoF)}l € LP[0,1]uw € L]0, 1] c remu ke p, g € [1, 00],
% + % = 1 (Bonee TOro, HETPYIHO BUJIETH, UTO Jy|x © Fit e £200,1] u w € £2[0,1],
nosromy ycaosus u3 [19] Bemonaenst u ¢ p = q¢ = 2). CiieJJ0BaTeILHO, MO yCHJIEHHOMY
3aKOHY OOJIBIMUX 4mces BaH llBera nMeem

o0

Tor 225 [ avixo P00t = [ gvix(a)uFr(e)) dPx (o) =

= /OO E[Yw(Fyx (X))|X = 2] dFy(z) = E[Ywo Fx(X)]. (2.5)

st moKa3aTeIbCTBa TEOPEMbBI OCTAETCS MOKA3aTh, ITO
II.H.
T2 —— 0. (2.6)
n— oo

st 3TOrO JTOCTATOYHO IIPOBEPUTD, UTO JIJISA JTFOOOTO £ > () BBIIIOJIHSIETCST HEPABEHCTBO
oo
> P(|Tnzl > ¢) < o (2.7)
n=1

Hnmeem

n 246

Z (}/['r':n] - gY\X(Xr:n)) Wr,n,

r=1

P(|T,2| >¢)=E > (sn)ZH‘Xl,...,Xn)] .

(2.8)

d

OHGHI/IM BEPOATHOCTD II0J] 3HAKOM MaTeMaTHYeCKOI'0 OXKUJ/IaHWAd, ITPUMEHHNB HEpa-

n 246

Z (}/ir:n] - QY|X(Xr:n)) Wr,n

r=1

> (5n)2+5|X1,...,Xn> <

BEHCTBO MapKOBa:
n 246
< E “ 27:1 (}/['r':n] - gY\X(AXr:n)) wr,n|

d
= (en)2+9
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|X1,...,Xn}

(2.9)



ITos 3HAKOM MO/ B YCJIOBHOM MATEMATHIECCKOM OXKHUIAHNK CTOUT CyMMa YCJIOBHO
HE3aBUCHMBIX CJIy9ailHbIX BeandnH [2, memma 1]. [Ipumennm mocse1oBaTesIbHO CIIe/ICTBIE
HepaBeHcTBa Posenrasst [18] u nepasencTso Ténbaepa. Nnveem

2+48
E U Z?:l (Y[r:n] - QY\X(Xr:n)) ’U)r,n‘ ’Xl, - ,Xn}
<
(en)2 <
n2 Zr 1 v?/T)é(( T n)|wr,n|2+6
< c(e,5) - _
o Zv—l U?’Tf(< Ti?“b)|w7”,n|2+(S
= C(E7 (5) 152 <
nits
c(e,0) 248 ( P71 245\ ‘
< nl-&-% E (UY\X )) E Z (|w7',n| ) . (210)

r=

3aech u nagee ¢(g,d) 0603HATAET HEOTPUIATEIBHYIO BEJIMUNHY, 3aBUCSIIYIO OT € U 0 U
He 3aBUCSIINYIO OT N, 3HAYEeHNEe KOTOPOIl B MOCJIENYIONEM MOXKeT U3MeHsIThes. 3 (2.8)—
(2.10) BBITEKAET, YTO JJIs OIEHKU CBEpXy ObIIero wieHa paaa (2.7) ocraercs OIEHUTH
MaTeMaTHIeCKOe OKUIaHNe BeJIMIMHbBI, CTosMmell B npasoil yacru (2.10).

IMockoubky 1/p < 1, To 110 HepaBencTBy JlsanyHoBa uMeeM

n P n
1

Bl (en)'| < B (G @e) )| =

r=1 r=1
:@MWmﬁf{ﬂ@%Hwﬁfﬂwﬁ Fi' s, (211)

roe U — cnyqaﬁﬁaﬂ BEIINHG, PABHOMEDHO paCTIDefiesleHHas Ha [0, 1], n TOCKOJIBKY 110
P
YCJIOBHUIO ’UY‘ ¥ © FX € LP[0,1], upaBag 4actb (2.11) xoneuna. Tenepnb 3amerum, 4TO

3=

BEJINUNHA, CTOAINAs B KBaJPATHBIX CKOOKAX B TPETbeM COMHOXKHUTese crnpasa B (2.10),
. . . 1 "
He CTydaiiHa 1 sBIsSeTCs PUMAHOBON CyMMOil JUIst HHTerpaa. |, lw(t)|(2+9)4 dt, koTopwrit

KOHEeYEeH, TTOCKOJIbKY 10 YCJIOBUIO TEOPEMBI |w|2+6 € L£7[0, 1]. Takum 06pa3oM, u3 HAIIUX
oreHOK (2.8)—(2.11) cieayer HepaBeHCTBO

c(g,0)

P(|Tn’2| > 5) S nl—+%’

KOTOpOE 03HavaeT, 9To psifl B (2.7) MaskOpUPYeTCs: CXOJSAIIUMCS PSIIIOM

00
> Al
1

n=1

mlo. Q’n

Caenosatenbro, psiyt B (2.7) cxomurcst, 9T0o jnokaseiBaer (2.6). U3 (2.4)—(2.6) cuemy-
T (2.3). Teopema noxasaHa. O

3ameuanmue. B 3akiodenne OTMETHM, ITO XOTs YCJIOBUS JOKA3AHHON BBIIIE TEOPe-
MBI JOCTATOYHBI JIJIsi OOJIBIITMHCTBA, IPUJIOZKEHHIT, OHU HE ONTUMAaJIbHBL. JleiicTBuTeIBbHO,
ecam Becoast byHkIms w = 1 Ha [0, 1], To nuHeitHast kombuHAIWMsT T), CTAHOBUTCSI CPEJI-
HuM Y BTOPLIX KOMIIOHEHT BEKTODA, M B 3TOM CIydae MOMEHTHBLIC YCIOBHS TEOPEMBI,
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OYEBHJIHO, M3OBITOYHBI. ABTOPBI IUIAHUPYIOT OCJAOUTH MOMEHTHBIE MPEJITOJIOKEHNST B
CIIeYIOMuX paboTax.

Mur 6HaFOﬂapI/IM JABYX aHOHUMHBIX DEIECH3€HTOB 3a BHUMAaHHE K pa60Te u pgma 1mo-
JICSHBIX KOHCTPYKTHUBHBIX 3aMevyaHuii.
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The article proves a theorem on the strong law of large numbers for linear functions of con-
comitants (induced order statistics) for sequences of independent identically distributed
two-dimensional random vectors. The result complements previous work by Yang (1981),
Gribkova and Zitikis (2017, 2019). The proof is based on the conditional independence
property of concomitants Bhattacharya (1974), the strong law of large numbers for func-
tions of order statistics by van Zwet (1980) is used, classical inequalities apply, including
Rosenthal’s (1970).
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